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Series Introduction

Many textbooks have been written on control engineering, describing
new techniques for controlling systems, or new and better ways of
mathematically formulating existing methods to solve the ever-
increasing complex problems faced by practicing engineers. However,
few of these books fully address the applications aspects of control en-
gineering. It is the intention of this new series to redress this situation.

The series will stress applications issues, and not just the
mathematics of control engineering. It will provide texts that present
not only both new and well-established techniques, but also detailed
examples of the application of these methods to the solution of real-
world problems. The authors will be drawn from both the academic
world and the relevant applications sectors.

There are already many exciting examples of the application of
control techniques in the established fields of electrical, mechanical
(including aerospace), and chemical engineering. We have only to look
around in today’s highly automated society to see the use of advanced
robotics techniques in the manufacturing industries; the use of auto-
mated control and navigation systems in air and surface transport sys-
tems; the increasing use of intelligent control systems in the many arti-
facts available to the domestic consumer market; and the reliable sup-
ply of water, gas, and electrical power to the domestic consumer and to
industry. However, there are currently many challenging problems
that could benefit from wider exposure to the applicability of control
methodologies, and the systematic systems-oriented basis inherent in
the application of control techniques.

This series presents books that draw on expertise from both the
academic world and the applications domains, and will be useful not
only as academically recommended course texts but also as handbooks
for practitioners in many applications domains. Nonlinear Control Sys-
tems is another outstanding entry to Dekker’s Control Engineering se-
ries.

it



Preface

Nonlinear control designs are very important because new technology asks for
more and more sophisticated solutions. The development of nonlinear
geometric methods (Isidori, 1995), feedback passivation (Fradkov and Hill,
1998), a recursive design — backstepping (Sontag and Sussmann, 1988; Krsti€ et
al, 1995), output feedback design (Khalil, 1996) and unconventional methods of
fuzzy/meuro control (Kosko, 1992), to mention just few of them, enriched our
capability to solve practical control problems. For the interested reader a
tutorial overview is given in Kokotovi¢, 1991 and Kokotovi¢ and Arcak, 2001.
Analysis always precedes design and this book is primarily focusing on
nonlinear control system analysis. The book is written for the reader who has
the necessary prerequisite knowledge of mathematics acquired up to the 3 or
4th year in an undergraduate electrical and/or mechanical engineering program,
covering mathematical analysis (theory of linear differential equations, theory of
complex variables, linear algebra), theory of linear systems and signals and
design of linear control systems. The book evolved from the lectures given at
the University of Zagreb, Croatia and the University of Maribor, Slovenia for
undergraduate and graduate courses, and also from our research and
development projects over the years.

Fully aware of the fact that for nonlinear systems some new and
promising results were recently obtained, we nevertheless decided in favor of
classical techniques that are still useful in engineering practice. We believe that
the knowledge of classical analysis methods is necessary for anyone willing to
acquire new design methods. The topics covered in the book are for advanced
undergraduate and introductory graduate courses. These topics will be
interesting also for researchers, electrical, mechanical and chemical engineers in
the area of control engineering for their self-study. We also believe that those
engineers dealing with modernization of industrial plants, consulting, or design
will also benefit from this book. The main topics of the book cover classical
methods such as: stability analysis, analysis of nonlinear control systems by use
of the describing function method and the describing function method applied to
fuzzy control systems. Many examples given in the book help the reader to
better understand the topic. Our experience is that with these examples and
similar problems given to students as project-type homework, they can quite
successfully—with the help of some computer programs with viable control
system computational tools (such as MATLAB™, by The Mathworks, Inc.)—
learn about nonlinear control systems. The material given in the book is
extensive and can’t be covered in a one-semester course. What will be covered
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Properties of Nonlinear Systems 37

the driven shaft will not move, up to the moment that the driving shaft fulfils the
rotation on the horizontal part of the characteristic from the line 4B to the line
CD. Thereafter, the transmission of the angular motion takes place along the line
CD. Such a nonlinearity is called backlash or play-type element (Fig. 1.24a) and
in the analytical form is given by:

K(x—x,) foryy>0
yw=1{ K(x+x,) foryy<0 (1.59)
const. foryy =0, |x — ¥ | < x,

Coulomb friction. The Coulomb friction (also called dry fiiction) is presented
in Fig. 1.25. The static characteristic in Fig. 1.25a shows the force or torque as a
function of the velocity of the input quantity x.

The performance of such type of nonlinear element can be reasonably approx-
imated by ideal relay characteristic (1.25a) for the situation when the momentary
passage of the input quantity x through zero results in a momentary change of the
sign for force or torque of Coulomb friction.

In the case when the value of the input quantity ¥ = 0 is not momentary, the
motion stops in the Coulomb friction element—the approximation of the static
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Figure 1.25: Static characteristics of Coulomb friction.
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Figure 2.7: Behavior of stable and unstable state trajectory with time.

that the trajectories from By are expanding, but it is not a rule with unstable equi-
librium states, as is the case with the Van der Pol equation (Example 2.1) when
¢ = 1. In Example 2.1 x, = [0 0]7. Trajectories which start with x(fo) = Xo # Xe,
regardless of how near they are to the equilibrium state, will finish in a limit cycle
(self-oscillations), as can be seen in Fig. 2.3 for Van der Pol equation. If Defini-
tion 2.1 is proved, we can see that for sufficiently small € > 0 can be ascertained
that the larger sphere is completely within the limit cycle. Therefore all the trajec-
tories which start from x¢ # x, inside the sphere Be will leave this sphere, and it
will be impossible to find such 6 > 0 which will satisfy (2.9). This means that the
equilibrium state (origin) is unstable. It can be noticed that all the trajectories of
the system are bounded and none is expanding, i.e. ||X(¢)|| — e> whent — oo is not
valid. Essentially, stability in the Lyapunov sense implies that all state trajectories
can remain close to the origin (equilibrium state), if their motion starts sufficiently
near the origin. That guarantees only that the trajectory will finish at the equilib-
rium state. If the system is subject to disturbance, it is normal to expect that the
system returns to the original equilibrium state, and not to remain in a new equi-
librium state. Such stability is called asymptotic stability in the Lyapunov sense.
Fig. 2.7 gives the possible state trajectories with their behavior. The difference
between stable and unstable equilibrium states is clearly demonstrated.

DEFINITION 2.4 (EXPONENTIAL STABILITY)
Equilibrium state X, = 0 is exponentially stable if there exist positive constants 0,
o and B so that the following expression holds:

Is(to, 20+ £,%0) || < & |Ixol||exp(—P 1); Vt,t0 >0, Vxo € Bs 2.17)

Exponential stability is more strict then uniform asymptotic stability. If the sphere
Bs has a small radius 8, then local exponential stability is meant. Otherwise
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L V(x)>0,vx#£0 V(x) is positive definite
2. V(x)<0 V(x) is negative semidefinite
3. V(x) —ooas |[x]| — o0 V(x) is radially unbounded

then the equilibrium state X, which satisfies f(x.,0) = 0 is globally stable in the
Lyapunov sense.

Conditions 1 and 2 imply that the equilibrium state is stable in the Lyapunov
sense—these are the conditions of local stability in the vicinity of the origin. In
order that the equilibrium state be globally stable, condition 3 is also necessary.

THEOREM 2.2

(ASYMPTOTIC STABILITY IN LYAPUNOV SENSE—-LYAPUNOV DIRECT METHOD)
If it is possible to find a continuous scalar function V(x) which has continuous
Sfirst derivatives and which satisfies:

L V(x)>0,Vx#0 V(x) is positive definite
2. V(x)<0 V(x) is negative definite
3. V(x) o eoas x| o e V (x) is radially unbounded

then the equilibrium state X, which satisfies f(x,,0) = 0 is globally asymptotically
stable in the Lyapunov sense.

A scalar function which satisfies conditions 1, 2 and/or 3 is called a Lyapunov
Junction. For the stable equilibrium state at the origin of coordinates, and for
two-dimensional systems, one possible form of Lyapunov function is given in
Fig. 2.10. The graph shows a globally asymptotic equilibrium state, since for
every initial condition the trajectory is converging to the origin (equilibrium state).
The graphical display which explains different kinds of stability, defined by the
Theorems 2.1 and 2.2, and their differences are shown in Fig. 2.11. Here are
presented the curves (isohypses) V' (x;,x2) = C; where C; are positive constants.
Such a display for V' (x) = C;, for C; > 0 in the plane with the state variables as
coordinates, is called Lyapunov plane (n = 2) or space (n > 2).

The curves (isohypses) in the Lyapunov plane never intersect since the Lya-
punov function is unique. The curves are continuous because the Lyapunov func-
tion is continuous as well as all its first partial derivatives. In the example in Fig.
2.11 it is seen that condition 3 is not satisfied. Namely, it is possible that ||x|| — oo,
while ¥ (x) remains bounded, as is the case with the curve V' (x) = C; in the figure.
It may happen that V' (x) continually decreases — the state trajectory which starts,
e.g. from initial condition xy(t) on Cg, over Cs approaches Cy, while ||x|| — o
the condition of global stability 3 must be valid if such behavior of the trajectory
is to be excluded. If the trajectory starts from the initial condition xs(¢y) on Cs
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must be emphasized that no general procedure exists to find a simple Lyapunov
function for a nonlinear system.

1. Method — Linear System

For a linear unforced system described by x(¢) = Ax(¢), x € R" a possible Lya-
punov function can be sought in the form ¥ (x) = x” Px, where P is a positive
definite symmetric matrix. As a positive definite scalar continuous function is in
question, which has continuous first partial derivatives, it is necessary to see the
condition for this system in order to be stable in the Lyapunov sense. The gradient
of a possible Lyapunov function is:

V(x) =x"Px+x"Px = x" ATPx + x"PAx = x” (ATP + PA)x (2.26)
If it must be a negative definite function, then it can be said that:

Vix)=x"(ATP+PA)x = —x"Qx < 0 (2.27)

V(x) < 0if and only if Q is a positive definite symmetric matrix. Then a possible

Lyapunov function becomes a true one. Therefore for a linear unforced system

the equilibrium state (origin) x, = 0 will be globally asymptotically stable in the
Lyapunov sense if:

ATP+PA=—-Q (2.28)

where P and Q are positive definite symmetric matrices. Equation (2.28) is known
as the Lyapunov equation.

The stability analysis of the linear system by the Lyapunov direct method un-
folds in the following manner: first a symmetric matrix Q is chosen, which must
be positive definite. Usually is Q an identity matrix. Secondly, from (2.28) a
symmetric matrix P is calculated. If it is positive definite, the system is globally
asymptotically stable in the Lyapunov sense.

DEFINITION 2.6 (POSITIVE DEFINITE MATRIX)
Necessary and sufficient conditions for a real (P) and symmetric (P = PT) matrix
to be positive definite are:

1. xTPx >0, Vx #0,

2. All eigenvalues of the matrix P satisfy A;(P) > 0,

3. All upper left minors (submatrices) Py have positive determinants,
4. A matrix W exists, such that P = WTW is valid.

A positive definite matrix is both symmetric and strictly positive.
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2. Method — Krasovskii procedure (Krasovskii, 1963)

In an attempt to generalize the procedure for a linear system, Krasovskii examines
an unforced, time-varying nonlinear system described by:

(1) =1(x), xeR"

where the function f is differentiable and for which f(0) = 0. The Jacobian matrix
of the system is:

J(x) = (gxij) 1<isn = (Vfi)1<i<n

1<j<n

where Vf; = [% ... %] is a row vector. Assuming that f(0) = 0 (the origin may
not be the only equilibrium state), and if the Jacobian is symmetrically arranged,
i.e. J(x) = JT(x) + J(x), then the origin will be asymptotically stable in the Lya-
punov sense if J (x) is negative definite matrix for every x. The Lyapunov function
is:

¥ (x) = {7 (x)Pf(x) (2.34)

where P is a symmetric positive definite matrix. Now:

V(x) = d’:i(tx) = {7 (x)Pf(x) + 7 (x) Pi(x) (2.35)
where:
f(x) = ‘92(:) % = J(x)f(x) (2.36)
It follows:
V(x) = dl;(t") = 17 (x)J7 (x)P(x) + 7 (x) PI(x)f(x) 237
=17 (x)(J"P + PJ)f(x)

Let it be Q = J'P+PJ. As P is a symmetric positive definite matrix, it follows
that Q must be a negative definite one in order that the equilibrium state be asymp-
totically stable in the Lyapunov sense. Moreover, if V' (x) = f7 (x)Pf(x) — o> when
|Ix]| — oo, then the origin is globally asymptotically stable.
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for any path which links 0 and x(¢), where (VV); = 9V /dx;.
It is expected that V'(x) has a quadratic form, and V¥ (x) can be written as:

O1x1 + 02x2 + ...+ Oy

Xy + 02x2 + ...+ 0nXy
VoV (x) = _ (2.43)

Oln1X] + Op2X2 + .. . 4 Oy Xy

where ;; may not be constants, but the functions of the components of the state
vector x(¢).

If the freedom of choice of the function ¥ (x) is to be increased, it must
be allowed that d;; of the coefficients depends on xy,x3,...,%,-1. As f/(x) =
(ViV)7x = (ViV)Tf(x), V'(x) can be expressed through a;; and f(x). The pro-
cedure to find a possible Lyapunov function consists of the following: first to
assume VyV as in (2.43), where some of the elements g; ; are chosen in such a
way that the gradient of V(x) is negative definite or semidefinite scalar function,
while the remaining a;; are chosen so that the expression (2.40) is satisfied. Fi-
nally, the function ¥ (x) can be evaluated from (2.42), and its positive definiteness
determined.

It is possible to equate the elements a;; to zero. Generally @, is assumed a
constant number, the most often ¢, = 1 or o, = 2, in order that V' (x) will be a
quadratic scalar function in regard to x,,.

EXAMPLE 2.10

(LYAPUNOV FUNCTION BY METHOD OF VARYING PARAMETER)

The system is given by the block diagram in Fig. 2.13, where the nonlinear element
has a cubic characteristic y, = F(x) = x>. The process is described by the transfer
Sunction Gp(s) = Esi—ﬁ and a possible mathematical model in the state variables

xi (1) = y(t); x2(t) = dy(t)/dt is:

X](Z) ‘—"Xz(t)

) (2.44)
ia(1) = —xi () = x2(1)
Gradient V(X) is assumed to have the form given by (2.43), or:
_ | enxitoex
ViV (x) = [ o 11 + 242 ] (2.45)

In order to assure the quadratic form of a possible Lyapunov function with regard
fo the state variable x;, the value oy =2 is taken. The condition of symmetry
(2.40) requires that:

avy,  avr,
oxa  ox
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Time-Varying Positive Definite and Decreasing Functions

For the stability analysis of the equilibrium state of a time-varying system by
the Lyapunov direct method, instead of a scalar function V' (x) it is necessary to
use time-varying scalar function ¥ (¢,mvx). It is important to define it as positive
definite and as decreasing.

DEFINITION 2.9 (LOCALLY POSITIVE DEFINITENESS OF FUNCTION)
A scalar time-varying function V (t,x) is locally positive definite if V(¢,0) = 0, and
if the time-invariant positive definite scalar function Vy(X) exists, such that:

V> 103 V(1,%) 2 Vo(x) (2.47)

In other words, the time-varying scalar function V(¢,x) is locally positive defi-
nite 1f it “dominates” the time-invariant locally positive definite scalar function
Vo(x). Global positive definiteness of the scalar functions generalizes the domain
of consideration to the whole state space.

DEFINITION 2.10 (DECREASING TIME-VARYING SCALAR FUNCTION)
Scalar function V(t,X) is decreasing if V(¢,0) = 0, and if there exists a time-
invariant positive definite scalar function V| (x), such that:

Ve > 10y V(1,%) < Vi (x) (2.48)

Therefore the time-varying scalar functions V' (¢,x) is decreasing if it is “domi-
nated” by a time-invariant positive definite scalar function ¥ (x).

EXAMPLE 2.12
A time-varying positive definite scalar function is given by:

V(t,x) = (1 +sin?)(x} +x3) (2.49)

V(t,x) is positive definite scalar function since it dominates the time-invariant
positive definite scalar function Vo(x) = x} +x3. At the same time, V (¢,X) is also
a decreasing scalar function, since it is dominated by the positive definite scalar
Sunction Vi (x) = 2(x3 +x3).

Stability analysis of time-varying systems considers the stability of the equilib-
rium states of the forced system which tracks a time-varying reference trajectory
or of the systems which are inherently time-varying. It is well known that the
problem of the stability of the equilibrium states of a forced system is consid-
ered through the dynamics of the system’s error, and not through the state of the
system. Even if the system is time-invariant, tracking the time-varying trajectory
implies that the equivalent system will be time-varying. Stability analysis of the
equilibrium states of the time-variant systems in the Lyapunov sense is based on
the following theorems:
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Bk it x)
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Figure 2.14: Positive definite and decreasing function V (¢, x).

Therefore if ||x(79)]| < &, then o(||x(¢)||) < e(g) and it follows that [|x(¢) <
e; Vvt > 1.

Local uniform stability as well as local uniform asymptotic stability may be
interpreted according to Theorem 2.6 as follows: from the conditions 1 and 3 of
Theorem 2.6 comes:

a(lx@)) < Vinx©] < B(x@I)

For any € > 0 there exists 6(€) > 0 so that B(5) < a(g), as in Fig. 2.14. If the
initial condition is chosen so that ||x(%)|| < 8, then:

a(e) > B(8) = Vit,x(w)] > Viex(n)] 2 a(|x()l)

It follows:
Yt > to; |Ix(t0)ll < & (2.54)

Local uniform stability is understood, as 6 is independent of 5. On the other hand,
the basic idea for local uniform asymptotic stability is that if x(¢) doesn’t converge
towards the origin, then a positive number a exists, so that:

~Vx(t)]>a>0 (2.55)

The above expression implies:

Vit,x(0)] = V [0, x(t0)] = / V{r,x(1)]dT (2.56)

)

and the result is:

0 < ViLx(0)] <V, x(0)] = (t —to)a (2.57)
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This is a positive definite scalar function which dominates the time-invariant pos-
itive definite scalar function Vo(x) = x2 +x3. At the same time it is also a de-
creasing function as it is dominated by the time-invariant positive definite scalar
Sunction V| (x) = x% + 2x§. The gradient of the time-variant possible Lyapunov
Sfunction is:

Vix(t)] = =2 [xF —xix +x3(1 +2e7%)]

where V(¢,X) is a negative definite function, as can be seen from:
Vix(0)] € —2(xf —xixp +33) = —(x) —x2)* —x3 —x3

The equilibrium state will be globally asymptoticaly stable.

Stability Analysis Using Barbalat’s Lemma

Stability analysis of the equilibrium state of a time-varying system is more difficult
than that of a time-invariant system, as it is more difficult to find a corresponding
Lyapunov function. The conditions of Theorem 2.5 are not simple to satisfy so in
engineering practice Barbalat’s lemma is therefore much more often used. Bar-
balat’s lemma treats the mathematical conditions for the asymptotical properties
of the function and its derivatives. With proper application of this lemma, many
problems in the stability analysis of time-varying systems can be avoided.

Asymptotic properties of the function and its derivatives. For a differentiable
function f(¢), the following facts should be remembered:

e / — 0 does not imply convergence of the function, neither does it im-
ply that f(¢) is bounded when ¢ — . Geometric interpretation shows
that decreasing the f(¢) means only that the slope of the tangent to the
function f(¢) becomes smaller, but it doesn’t mean the convergence of the
function. As an example, the function f(¢) = sin(log?) is taken. While

flt)y === bgt — 0 as t — oo, the function f(¢) oscillates more and more
slowly as t increases. Another example f(¢) = v/fsin(logt) indicates that
the function is unbounded.

o The convergence of f(r) doesn’t imply that f — 0; the fact that f(¢) con-
verges when ¢ — co doesn’t mean that /' — 0. An additional example is
f(t) = e~"sin(e*) which tends to zero, while £(¢) is unbounded for  — eo.

e If (1) is bounded from below and decreasing (f(¢) < 0), then it converges
to some boundary. The question arises if the function tends to a final bound-
ary, what additional requirements assure that the derivatives of the function
tend to zero? Barbalat’s lemma points to the fact that the derivatives of the
function must have smoothness.
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The error dynamics of the closed-loop adaptive control system for the first order
process with one unknown parameter are:

é(t) = —el(t) +O(1)w(t)
O(t) = —e(t)w(t)

where e(t) is the tracking error, ©(t) is the error in the parameter and w(t) is a
bounded continuous function.

Both the error of tracking and error in parameter can be conceived as the state
variables of the closed-loop dynamics. The analysis of the asymptotic properties
of the system can be carried out with the lemma of convergence (Lemma 2.3). If a
possible Lyapunov function is chosen:

V(te,©)=e*+0?
its gradient will be:
V(t,e,0) =2e(—e+Ow)+20(—ew) = —2¢* <0 (2.59)

This implies that V{t,x) < V(0), therefore e(t) and O(t) are bounded. As the dy-
namics of this system are time-varying, the lemma on convergence must be applied
(Lemma 2.3). In order to introduce Barbalat’s lemma, we must test the uniform
continuity of the derivative of a possible Lyapunov function (condition 3) of the
Lemma 2.3). The derivative of V (t,x) is:

V(t,x) = —4de(—e+0Ow) (2.60)

The second derivative of a possible Lyapunov function is a bounded function, as
w(t) is bounded (the initial supposition), while e(t) and ©(t) have previously been
shown to be bounded. Therefore, V(t,X) is a uniformly continuous function. The
application of Barbalat'’s lemma implies that e(t) — 0 when t — oo. It may be
observed that although e(t) converges to zero, the system is not asymplotically
stable—for O(t) is only guaranteed to be bounded.

EXAMPLE 2.16 (STABILITY OF TIME-VARYING NONLINEAR SYSTEM)
Conduct the stability analysis of the equilibrium state of the system:

X(t) +ax(t) +g(t,x)x(t) =0

%1(t) = x(t) 2.61)
| .

Xp(t) = —axy(t) — g(t,x1)x1 (f)
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Substitution of (2.61) and of o) = a — € in the expression (2.63) gives:

x]
V(t,x) = —ex} — (a—¢€)g(t,x)x] + / gg—(at;—)i)xldxl (2.64)
0

Negative semidefiniteness of (2.64) is assured if g(¢,x) > 0 for all x| and t and if:

x)

/-ag(at—;xl)-xldxl < ag(t,x) )x?} (2.65)
0

The expression (2.65) is valid for:

8g(t,x1)
max [——a[

and if g(t,x1) is bounded for every x| and t. In this case V(t,x) can be bounded
as is required by condition 4 of Theorem 2.5. In such a way, the system will be
globally asymptotically stable.

] < 2ag(t,x1); Vxi,t (2.66)

Xy

From the above discussion, two essential differences in the stability analysis of
time-varying and time-invariant nonlinear systems can be observed. The first dif-
ference is that with the time-varying system, V' (¢,x) has to be bounded below,
instead of being only a positive definite function, as was the case with the time-
invariant system. The second difference is that ¥ (¢,x) must be tested for uniform
continuity, in addition to being a negative definite or semidefinite function. Usu-
ally V(¢,x) is used for this purpose, while testing its boundedness. As was the case
with time-invariant systems, with time-varying systems the primary difficulty re-
mains in a proper choice of a possible Lyapunov function.

Positive Linear System

The analysis of nonlinear systems often starts with the decomposition of system
to linear and nonlinear subsystems. If the transfer function (or matrix) of a lin-
ear subsystem is positive real, then it has important properties that facilitate the
choice of a possible Lyapunov function for the whole system. A linear system
with a positive real transfer function is called a positive linear system. These sys-
tems play therefore an important role in the analysis and the synthesis of many
nonlinear control systems, e.g. the adaptive control.

DEFINITION 2.12
(POSITIVE REAL AND STRICTLY POSITIVE REAL TRANSFER FUNCTION)
A transfer function given by:

S + by 18"Vt bis+by .
s withn>m
s"+ap_1s" M4 tas+tag

G(s) =
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LEMMA 2.4 (KALMAN-JAKUBOVICH LEMMA)
Consider a completely controllable linear time-invariant system.

x(t) = Ax(¢) + bu(r)
() = ex(t)

The transfer function G(s) = ¢’ (s1 — A)~'b is SPR if and only if there exist posi-
tive definite matrices P and Q such that

ATP+PA=-Q
Pb=c¢

The significance of this lemma is that it is applicable to transfer functions that
contain a pure integrator, a situation which quite often occurs in adaptive systems.
This lemma requires that the system be asymptotically stable and completely con-
trollable. A modified version of the Kalman-Jakubovich lemma which doesn’t
require complete controllability follows.

LEMMA 2.5 (MEYER-KALMAN-JAKUBOVICH LEMMA)

Let the scalar 'y be nonnegative, vectors b and ¢ are of corresponding dimensions,
matrix A of the linear system is asympiotically stable, and a symmetric positive
definite matrix L with dimensions n x n exists. If the transfer function:

H(s) = %J‘-cr(sI—A)‘lb

is strictly positive real, then there exists a scalar € > 0, vector q, and a symmetric
positive definite matrix P such that:

ATP+PA=—qq" —¢L
Pb=c+.,7q

This lemma differs from the Kalman-Yakubovich lemma in two aspects. First, the

output equation is now:

¥(1) = ¢x(6) + (1)
and second, the system is not required to be controllable, but only “stabilizable” or
the uncontrollable part of the system must be stable. Kalman-Yakubovich lemma
is largely applied in the design of adaptive systems, and has to be further elabo-
rated with the design of nonlinear control systems.

Lyapunov Function in Other Applications Besides Stability Analysis

Besides the use of the Lyapunov direct method or the Lyapunov function in stabil-
ity analysis, it is also useful with automatic control systems for the estimation of a
dominant time constant of the system, a fast rejection of disturbances, evaluation
of the region of atractiveness, system stabilization, synthesis of adaptive control
systems, etc.
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The coefficient i can be obtained in the following way:

—xTQx
= mi 2.72
u mxm[ o ] 2.72)
At the minimum the following relation must be satisfied:
_ T T
du —20Qx(x'Px) + (x" Qx)2Px —0 2.73)

ox (xTPx)?

Since there are many ‘points’ x which fulfil the above condition, usually a typical
a
point y = 3‘;7-% is taken. Then from (2.72) we have:

(Q-7P)x=0

or.
P'Q-yDx=0

which shows that ¥ must be an eigenvalue of the matrix P~!Q—actually g is the
minimum eigenvalue of the matrix P~'Q.

EXAMPLE 2.17
(EVALUATION OF DOMINANT TIME CONSTANT OF LINEAR SYSTEM)
An unforced system (see Example 2.9) is described by:

x(t) = Ax(1); Az[_i :i]

The matrices P and Q follow from Example 2.9.

SR

=7

60
As Q =1, i will be the smallest eigenvalue of the matrix P~!, as P~'Q = P~1.
To find the eigenvalue of the matrix P~!, the solution is equivalent to that of |I —
PA| = 0, respectively:

oxl—-oxli
Sl— S|y

23 7
1-=4 A
7 11
ol -4

which yields Ay = 2.288, A =7.71 and y = 2.288. The equation (2.71) is now:

V(X) < V(xo)e~2.288(t~t0)

If the upper time bound has to be determined in order to bring the state of the
system from the initial condition x(0) = [10]7 to the vicinity of the equilibrium






Stability 99

appropriate for the open-loop control system. When discussing the appropriate
input signal u(¢), the Lyapunov function remains unchanged since it doesn’t de-
pend on x(¢) (or u(¢)). As ¥ (t,x) depends indirectly on u(t) through x(¢), such a
control signal is chosen so that the gradient of ¥ (¢,x) is maximum. This assures
that V' (¢,x) is approaching as fast as possible to the origin. An approximately
optimal control can be realized in this way.

EXAMPLE 2.18 (APPROXIMATE OPTIMAL CONTROL OF LINEAR SYSTEM)
A linear system is described by:

1) | _| -3 2| x1 (1) " I -1} ui(t)
)y || -1 =1 x2(1) 0 1 uy (1)
Assuming the control vector is bounded for every t, we can write:

Unes =" (00(0) = b (0] | 1000 | = 0)+130) < 1
It is necessary to determine the control algorithm as a funciton of the state vari-
ables, so that the state of the system returns as fast as possible to the equilibrium
state (X, = 0) after being disturbed from it. To solve this problem the Lyapunov
Sfunction must be determined as well as a state control vector which gives a higher
gradient of the Lyapunov function and simultaneously ensures that Upg < 1 is
satisfied.
A Lyapunov function is given with V(x) = x Px. The Lyapunov equation is:

ATP+PA=—-Q

If Q =1, and knowing that P must be a symmetric positive definite matrix in order
that the system be asymptotically stable, the Lyapunov equation takes the form:

=3 =L | pun pe Jr[1711 p2| -3 2]_ |1 0}
2 -1 P12 p22 P12 p2 -1 -1 0 1

or’

=6p11 —2p12 —4pi2—pn+2pn } :__[ 1o }
—4pi2 —pn+2pn 4pi2—2px 0 1
It follows:
6 -2 071 [ pu -1
0 4 2 |-\ pn|=] -1
2 -4 -1 J §25%) 0
and. -
L=l 125
—| % @ _
P_[:l 18 ,0r|P|—1600>0
30 40
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w (1)

r (9 x (1) Iy (@)
—_— >

y(®
F (x, px) >

G,

Figure 2.18: Basic structure of a nonlinear system for analysis of absolute stability
with external signals »(¢) and w(z).

set of nonlinearities treated by Aizerman so the Kalman hypothesis has greater
probability to be correct.

Further considerations will be given to nonlinear systems with the structure
as in Fig. 2.18. The linear part of the system can be stable, unstable or neutrally
stable, with the transfer function:

B(s)  Kp(bws™+bu_1s™ ' +...4+1)

G = =
1(s) A(s) ans" +ap_1s" N+ 4+ 1

ym<n—1 (2.76)

The nonlinear part can be:

1. Single-valued time-invariant nonlinear element yy (1) = F[x(¢)],

2. Single-valued time-varying nonlinear element yy(¢) = Flt,x(¢)],

3. Double valued time-invariant nonlinear element yy (¢) = F{x(¢),%(¢)].
Besides the above-mentioned nonlinear elements, there appear:

4. Linear time-varying element yy = k(¢)x(¢),

5. Linear time-invariant element yy = kx(¢).

All these elements must have static characteristic inside the sector!’ [k1, k2] for all
t >0, where 0 < k| <kp <oo,

On the closed-loop nonlinear system act the reference signal »(¢) and dis-
turbance signal w(z). The total input signal to the system is therefore f(t) =
r(t) +w(r). The dynamics of the closed-loop nonlinear system in Fig. 2.18 can be
described by the differential equation:

x(6) = f(t) = GL(p)F (x) 2.77)

17See Definition 1.14.
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y=Fx)t

-X

\ &

Figure 2.21: Nonlinear static characteristic of dead zone.

change of operating conditions. For example, change of the load or of the supply
energy of the control mechanism results in deformity of the static characteristic,
which greatly complicates the exact determination of values of the parameters of
a differential/integral equation of the system.

The static characteristics of many actuators of modern control systems can be
categorized as nonlinear functions with the following properties:

xF(x)>0,x#0

2.88
F(0)=0 (288)
where F(x) is a continuous function:
+oo
/F(x)dx = oo (2.89)
0

Nonlinear functions with the properties of (2.88) and (2.89) can have very differ-
ent graphical presentations. For nonlinear systems given in Fig. 2.18 the interest-
ing nonlinearity classes are those discussed in Section 1.8, where the characteristic
of the nonlinear element is situated within the sector bounded by straight lines & x
and kyx (Fig. 1.35a) (Voronov, 1979; Mutter, 1973; Aizerman, 1949; Nelepin,

1971):
F
ky < %)- <k x#0 (2.90)
If the nonlinear function F'(x) is situated within the sector [k, k] and fulfils the
conditions (2.88) and (2.89), then global asymptotic stability of the system with
the function yy = F(x) is called absolute stability (Voronov, 1979). Very often the
nonlinear functions can be of the class [0,4,] and [0, ] which result from (2.88)

for ki = 0 (Fig. 2.20a) and for k; = 0, ky = co.
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2. Nonlinear function F(x) is of class [0,kz] with 0 < ky < oo and satisfies
conditions (2.91).

3. There exist two strictly positive real numbers q > 0 and an arbitrarily small
number & > 0, such that for all ® > 0 the following inequality is true?!
(Popov, 1973):

1
Re{(1+jqw)GL(jw)} + 28>0 (2.92)
2
or. i
Re{(1+jqo)GL(jo)} + = >0 (2.93)
2
where:
ky < oo, ﬂl)im GL(jw)=0 (2.94)

The Popov criterion enables the relatively simple determination of the stability of
the nonlinear system, based on knowledge of the sector where eventually the non-
linear static characteristic lies and on knowledge of the frequency characteristic of
the linear part of the system. There are special cases which allow the linear part to
have one or two poles at the origin. In such cases—besides (2.92) and (2.93)—the
following must be used:

1. When G (s) has one pole at the origin:

Jim {In[G,(j)]} — —= (2.95)

2. When Gy (s) has two poles at the origin:

lim {Re[GL(jw)]} — —eo
w—+0 (2.96)
Im{Gr(jw)} < 0 for small ®

The inequality (2.92) or (2.93) is called the Popov inequality. The criterion is
proved by construction of a possible Lyapunov function with the aid of Kalman-
Yakubovich lemma. It must be emphasized here that the Popov criterion gives
only the sufficient condition for stability. Its importance lies in the fact that the
stability of the nonlinear system can be evaluated on the basis of the frequency
characteristic of the linear part of the system, without the need for seeking a Lya-
punov function. The criterion is constrained by the requirement that the nonlinear
static characteristic must be single-valued and that it lies in the first and third
quadrants (k; > 0)—it must pass through the origin.

*IThe condition & > 0 in (2.92) is necessary for proving the theorem. For practical purposes (2.92)
can be written in the form (2.93).
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Figure 2.22: Popov line doesn’t intersect Popov plot—graphical condition of ab-
solute stability.

1. Gp(jw) and G, (jw) intersect the real axis at the same point @ = wy.

2. Im{Gp(jw)} = oV (w) = V,(w) is an even function of frequency w, while
Im{G_(jw)} = V(w) is an odd function of frequency w; the Gp(jw) plot is
not symmetric with respect to the real axis, while G, (jw) plot is symmetric
for w = —w.

3. Gp(jw) plot starts for = 0 always from the real axis of the complex plane,
while G, (jw) plot can have the starting point on the imaginary axis.

4. If lim G.(jo) = 0; al)im Gp(jw) can be equal either to zero or to some
W—ro0 —00

other final value.

For example, if m < n—1 (see (2.76)), the final point of both the Popov plot
and of the amplitude-phase frequency characteristic of the linear part of the system
will be identical, i.e. Gp(joo) = Gp(jeo), while if m = n— 1, the final point of
the Popov plot will not be at the origin but on the imaginary axis at the point
determined by by, /ay,, i.e. Gp(joo) # G (joo) (see Fig. 2.23c¢).

In Fig. 2.23 Gp(jw) plots are constructed for absolute stable (Fig. 2.23a
and b) and unstable (Fig. 2.23¢ and d) equilibrium states of the nonlinear system.
For convex forms of the Gp(jw) plot it is possible to determine the maximal value
kamax = Keriy by drawing the Popov line through the intersection point of the Popov
plot and the real axis (Fig. 2.24).
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As both the Popov plot Gp(jw) and Gy (jw) plot intersect the real axis at
the same point (—1/k;, jO), and a tangent can be drawn on the convex form of
the Popov plot, many authors have used the Nyquist criterion by linearizing the
nonlinear characteristics yy = F(x) from the sector [0, k] with the straight line
YN = kax, i.e. the Aizerman hypothesis was used. Indeed, in this case the condition
that the locus k2G(jw) does not enclose the point (—1,/0) coincides with the
condition for absolute stability. Such nonlinear systems are termed stable in the
Hurwitz angle, the latter being understood as the angle between the straight line
YN = komaxx and the horizontal axis. As was already mentioned, the Aizerman
hypothesis has been rejected (Willems, 1971). It means that in the general case,
such linearization is not allowed.

In cases when the Popov plot has a non-convex form, i.e. when it is of much
more complex form, the criterion of absolute stability is much more strict. K., of
a convex plot can be much greater than ky,,,, of a non-convex plot, which could
mean that the gain of the nonlinear system with a convex Popov plot can be greater
than that of the nonlinear system which has a non-convex Popov plot.

Convex forms for Popov plots represent nonlinear systems where the linear
part of the system contains cascaded inertial and oscillatory terms and no more
than one integral component, with the condition that the damping ratio of the
oscillatory terms is & > v/2/2. Convex plots Gp(jw) also represent nonlinear
systems with the following linear parts (Mutter, 1973; Vavilov, 1970):

GL(S) =K.e %
GL(s)=K-s7te™sY
i=n

Gr(s) =K[[(Tis+1)" s n<e

i=1
i=n
Gr(s) =Ks™! H(]}s—f— Hhn<s
i=1

Gi(s) =Kﬁ(T,-s+ D7 (us? +2E s+ 1) n< 4 E>V2)2

i=1

Instead of the inequality (2.93) which contains the variable quantities ¢ and , the
Popov criterion can be expressed by one variable quantity only — w. Then it is
more appropriate to determine &, analytically (Netushil, 1983):

Qzamax_amin<n (2~101)
where:

(@) = arg [ Grjo) + z

Onax and Oy, are maximal and minimal values of 0(w) in the region 0 < @ < oo
(Fig. 2.26). a(w) represents the argument of a complex number (Gp(jw) +1/k,)
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1k, w=0
U(w) S
6,60 T P
)
-5 —&—
Ol m —
(a) (b)

Figure 2.26: Graphical interpretation Oy,qx and 0Oy, in the region 0 < @ < oo,

when ® changes between 0 < @ < . For some @, o) will be the angle of a
phasor with the real axis, starting at the point —kl and with the peak at Gp(jw;).
From (2.101) it is obvious that the absolute stabizlity of the nonlinear system can
be determined without knowing the exact value of the parameter g—it is enough
to draw the Popov line through the point (—1/k;, jO) for at least one slope g with

the condition that 0 < g < ee.

2.4.2 Absolute Stability with Unstable Linear Part

When the linear part of the system?? is unstable, it is necessary to accomplish its
stabilization with linear feedback (Fig. 2.19). The equivalent transfer function of
the linear part of the system Gg(s) is then given by (2.80):

U+KU)+KV? 14
0+ K02+ KV O+ K0+ (K V)2

Ge(jo) = =Ug(jo)+ jVe(jo)

(2.102)

22g0me poles of Gy (s) are in the right half-plane of the s-plane.
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2. Time-invariant single-valued nonlinear function Fg (x) is of the class [0, KF].

3. There exist two strictly positive numbers q > 0 and arbitrarily small number
8 > 0 such that for all > 0 the following inequality is valid:

Re{(1+jqw)GE(jw)}+—Kl725>0 (2.104)

or.

1
Re{(l+jqw)GE(ja))}+K— >0 (2.105)
F
where 0 < Kp < oo; Kp = ky — K, < o0, limgy e GE(j) =0
G (jo) = [GE(s)),=jo = Ue (@) + jVE(®)

Graphical Interpretation of Theorem 2.9

By inserting (2.102) in the inequality—Popov condition (2.105)—and rearrang-
ing, the conditions for absolute stability are obtained, and graphical interpretation
is possible. From (2.105) and (2.102) it follows:

(1+KU)* + (K V)? S

U1+ KU)+KV? —qoV + % >0 (2.106)
or.
U%%UJFV’--EU‘(]%K—)W
A A F (2.107)
TRE TR

For @ > 0 and V% > 0, the inequality (2.107) can be quite well approximated by:

Kr(Kr + KF) UZ

Ve(w) < (w)
k¥ (2.108)
4 2Kt Ky Ulw) + L
qKr qKr

where K, > 0; Kr = ky — K,; Vp(0) = oV (w) = Im{Gp(jw)}. The inequal-
ity (2.108) can be graphically interpreted in the following manner: In order that
the nonlinear system is absolutely stable, the Popov plot must be outside of the
parabola with peak at the point § with coordinates:

_ (Kr+2K:) 0.25KF
2K (K, +Kr)'  qKr(Kr +KF)
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The parabola intersects the real axis at the points b = —1/K, and ¢ = —1/(K, +
KF), asillustrated in Fig. 2.28a. When K, = 0%, inequality (2.108) is transformed
into Popov criterion (2.93), while the parabola becomes the Popov line. The line
crosses the point (—1/Kp, jo) with the slope ¢! (Fig. 2.28b), namely K =
ky — K., or with K, = 0 is Kr = k.

2.5 Examples of Determining Absolute Stability by
Using Popov Plot

The absolute stability of the equilibrium states of nonlinear systems by applying
the Popov criterion is based on the modified amplitude-phase characteristic of the
linear part of the system—Popov plot Gp(j@). The modulus and argument of the
function Gp(jw) are used to determine analytically the points on the plot:

_ ., modBp(jo)
Mp(w) = |Gp(jo)| = moddr(j0) (2.109)
or(w) = arg Gp(jw) = arg Bp(jw) — arg Ap(jw) (2.110)

From (2.109) and (2.110) the real and imaginary parts of Gp(jw) are found:
Re{Gp(jw)} = Re{GL(jw)} = Mp(®)cos pp(@) = U(w) 2.111)

Im{Gp(j®)} = 0 Im{GL(jo)} = Mp(®)sin pp(@) = OF (@) = Vp(0)

(2.112)
When the plot of the linear part of the system Gy, (j) is determined analytically
or experimentally, the points of the plot Gp(jw;) are obtained by multiplying the
ordinate Gy (jw;) with the natural frequency @;:

Gp(jwy) = Re{GL(jo)} + jaIm{GL(jan)} = Ulwy) + jVp(e)  (2.113)

EXAMPLE 2.19
Find the absolute stability of the equilibrium states of the nonlinear system, with

single-valued nonlinearities which satisfy conditions (2.91) and whose transfer

function for the linear part is**:

_ _ K(l-{—ﬁs)
Gr(s) = G(s) = (T (1 5 Bs)(1 1+ 2ET5 + T25%) (2.114)

where K = 10; T = 1[s]; T, = 0.01[s}; T =0.1[s]; 7; = 0.05[s], £ =0.1.

23There is no need to stabilize the linear part of the system, as it is stable.
241 the examples the notation K instead of k, and G(s) instead of G.(s) is used.
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absolute stable is Kr = 1/4.491 = 0.22.

The analyzed nonlinear system has absolutely stable equilibrium states for all
single-valued nonlinearities of the class [0, Kg| with the condition that Kr < 0.22.
(]

EXAMPLE 2.20

Determine the boundary value of the gain for the absolute stability of the nonlin-
ear system whose structure is as in Fig. 2.17. The transfer function of the linear
part of the nonlinear system is:

K
T (1+Tis)(1+ Tos) (1 + Dis)
25
(10,55)(1 4 0,025)(1 + 0,015)

GL(s) = G(s)

while the nonlinear characteristic of the class [0,Kr] is:

F
OS——QSKF; forx #0and Kp =2
X

Solution. To determine the absolute stability of the system, it is often convenient
to use a normalized Popov plot Gop(j®):

Gop(jo) = Gp(jo) - Kr

The normalized Popov plot Gop(j®) is found by means of the normalized plot
of the linear part of the system:

Go(jw) = G(jo)-Kr

Gop(jw) = Re{KrG(jw)} + joIm{KrG(jw)}
[1-0* (N + TG+ DT)| KKe
1+ (@ A1+ (@)1 + (@)
o(Ti+ T+ 5 — 0’ T L T)KKE
T+ @I+ (0BT + (0T)7]
From (2.115) comes Table 2.3 and plots Go(jw) and Gop(jw) in Fig. 2.30.

When Gop(j®) = KprGP(jw) is put into (2.93), the condition of absolute sta-
bility with the normalized Popov plot follows:

Gop(jo) =
(2.115)

Re{Gp(j0)} = alm {Ga(j0)} + &=
= Re{Gop(j®)} — gIm{Gop(jw)} +1>0
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Table 2.4: Values for the normalized Popov plot in Example 2.21.

@ Re{Gy(jw)} Im{Go(jo)} Im{Gop(j@)}
i -8.47416 -15.7489 -15.7489

2 -5.28543 -4.68662 -9.37325

4 -2.0968 -0.75079 -3.00314
7.5102 | 0.51879 0 0

8 -0.59680 -0.0039 -0.03101

16 -0.13727 0.04918 0.78682

32 -0.0214 0.02279 0.7294

For o = w; = 64 the common point of the Popov line and the normalized Popov
plot is:
Re{Gop(j64)} = —0,75; Im {Gop(j64)} = —6 (2.117)

The slope of the Popov line is ¢~' = 50. From (2.116) follows the boundary value
of the gain of the system:
Ko = KKr 252
T gIm{Gop(j)} — Re{Gor(jan)} — —£+0,75

79,4

EXAMPLE 2.21
Determine the boundary gain in the system with a nonlinear characteristic of the
class [0, Kr| with the normalized transfer function of the linear part:

Ky

Gls) = Gls) = s(14+Tys)(1+ Tas)(1 + Tzs)

where Ky = KKr = 20[s™']; T} = 0.5[s]; 5=0.02[s}; T3 = 0.01[s].

Solution. Normalized plots G,(jw) and Gop(jw), as well as Table 2.4 are illus-
trated by Fig. 2.31, together with the Popov line g ' =2
In Type 1 control systems *° there always exists the boundary stability, i.e.:

lim Im{G(j®)} = —co
w—0

The boundary gain of the system is according to (2.116):

KKr
qIm{Gop(jwi)} — Re{Gop(je)}

25Type 1 system has one integrator. System with astatism of first order.

Kerie =

(2.118)
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Figure 2.32: Structure of nonlinear system and static characteristics of nonlinear
part of system which vary with time, but never come out of sector Ky, ;).

the functions F(¢,x) and Gg(s) can be found in Tsypkin (1977); Nelepin (1971);
Voronov (1979); and Mutter (1973).

For time-dependent nonlinear elements, the coefficient g in the Popov criterion
(2.93) is equal to zero. The functions F(¢,x) and Gg(s) must satisfy the following
properties:

1. Function F(z,x) satisfies the condition of belonging to the sector [K;, k]
(Fig. 2.32b) for any ¢, i.e. it is always true that:
F(t,0)=0

2.119
F(t,x) <l x£0 ( )

K <

2. Function Gg(s) is an equivalent transfer function of the linear part of the
system, determined by (2.80) and (2.102):

G (s) bs™ + b 15" 4+ by
Grls) = - n>m4+2 (2.120
£(s) 1+ K,Gr(s) Aus" + ap1s" V. +a, nzm+2 ( )

THEOREM 2.10 (ABSOLUTE STABILITY OF TIME-VARYING SYSTEM)
Equilibrium states of an unforced nonlinear system with the structure given in Fig.
2.32 will be absolutely stable if:

Re{Gg(jw)} + >0 2.121)

1
ky — K,
This condition results from the frequency stability criterion (2.105) for ¢ = 0,
Kr =k —K,.

The criterion (2.121) can also be used for determining the absolute stability
of the equilibrium states of unforced time-invariant systems with multi-valued®®

26gometimes the multi-valued nonlinear characteristic can be treated as a time-varying single-valued
one, for example, the three-position relay with hysteresis.
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Popov line which passes the point —KF_I, parallel to the imaginary axis. When
g = 0 (Fig. 2.28b), the condition (2.93) follows from (2.121).

In the case that the nonlinear element has a static characteristic inside the
sector [0, 0] or [K,, 0], and the linear part of the system is stable, then:

Re{(1+ jqw)GL(jw)} >0 (2.125)
or.
U(w) —qVp(w) >0 (2.126)
and:
Ul+KU)+KV?—qoV >0 (2.127)

If we substitute @V = Vp(w) the latter term can be written in the following form:

K 1
Vp(w) < — {U2+ U+ Vz}

q r
2.128
RAIE 2+V2_ 12 ( )
g 2K, 2K,
or:
K, 5 1
forV =0.
The expression (2.128) has a positive value for:
1\, 1)\?
U Ve > 2.130
( +21<r> * —<2Kr> (2.130)
and the extreme at:
Vi(w)=2{U+ : =0,o0rlU,=— !
P 2K,) 7 YT 2K,
The value of the extreme is:
K, 1 1
Ve(@)min = — (for V =0)

q 4KF 44K,
Similarly, for ¥, = 0, the intersection of the parabola and the real axis is obtained:

1 1
*

U =
+ 2K, 2K,

and further: |
Uy :_E and Uy =0

r
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istics yy = F'(x) with the properties:

F(0)=0
F(x)x>0;x#0
F(x)

0< —- <o x#0
X

(2.131)

the sufficient conditions for absolute stability emerge from the criterion (2.93):

Re{joGr(jw)} >0,9g>0, ®>0 2.132)
Im{G,(jo)} <0; >0 '
From (2.132) it follows that the frequency characteristic G, (jw) of the stable,
linear part of the system must be situated in the lower half of the plane (Fig. 2.34)
in order that the nonlinear system be absolutely stable.

EXAMPLE 2.22

It is necessary to determine the conditions for the stability of a relay system in the
block diagram, Fig. 2.35a. The nonlinear element is a three-position relay with
hysteresis and its static characteristic is given in Fig. 2.35b.

Remark. As can be seen, the linear part of the system has one pole at the origin
and doesn 't satisfy the condition (2.95).

Solution. The multi-valued nonlinear characteristic (Fig. 2.35b) can be repre-
sented by an equivalent structure which contains a single-valued nonlinear ele-
ment — three-position relay without hysteresis, yy = F(x,) with a positive feed-
back H as is given in Fig. 2.36.

By replacing F (x,x) with the equivalent nonlinear characteristic yy = F(x,),
the system from Fig. 2.35 can be replaced by an equivalent structure as in Fig.
2.37 (Netushil, 1983).

In the system from Fig. 2.37 nonlinear characteristic yn = F(x,) is single-
valued of the class [0,1/x,), while the equivalent linear part is determined by the
transfer function:

— Ky - H
~ sT(1+sT)
The transfer function of the equivalent linear part of the system (2.133) doesn’t

satisfy the necessary conditions for the closed-loop system to be absolutely stable
Sfor two reasons:

Grn(s) (2.133)

1. Gp,(s) has one pole at zero, i.e. Gp,(s) is neutrally stable and doesn't
satisfy (2.95),

2. Gru(s) doesn 't satisfy Theorem 2.8, i.e. al)im G(jw) #0.
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Figure 2.38: Magnified frequency characteristic (a) equivalent Gg(jw) and (b)
Popov Gp(jw).

In order to apply the criterion of absolute stability, it is necessary to determine

the equivalent transfer function Gg(s) which will satisfy the condition of stability

of the linear part as well as Theorem 2.8 or lim Gg(jw) = 0. For such a purpose
W—e0

the following equivalent transfer function can be used:

GL(S)
G = 2.134
E0) = T as) + B G (2.134)
where o, and B are small parameters o0 << T, B << 1.
From (2.134) and (2.133) results:
Ge(s) K, —HsT(1+sT)
s) =
E sT(1+as)(1+sT)+ B [K,—HsT(1+sT)] 2.135)

N K; —HsT(1+sT)
T aT?s3 4+ 252 +sT+B K,

As can be seen, the equivalent transfer function (2.135) complies now with the
required conditions if T > 0 and K, > 0.

The plot Gg(jw) in Fig. 2.38a consists of three parts.

1. The range of low frequencies (w <<), where the higher-order terms of ®
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or:’

1 1
bomaxy = — < — 2.138
2max KL < xp ( )
The condition for absolute stability for a given system can be interpreted in such
a way that yy(x) must be inside the sector [0,k), defined by the angle B = yn /x <
k=1/xp < 1/K_ (see the dashed line in Fig. 2.35b). |

2.7 Absolute Stability of Forced Nonlinear Systems

The Popov frequency method gives sufficient conditions for the absolute stability
of the equilibrium state of an unforced system. The method is not appropriate to
assure the stability of a nonlinear system which has forced disturbances (reference
quantities, external disturbances, measurement noise, etc.). The procedure which
gives sufficient conditions for absolute stability for such cases has been proposed
by Naumov and Tsypkin (1964). This will be presented next.

The dynamics of the nonlinear system of the structure as in Fig. 2.39, forced
by an external quantity f)(¢), is described by a nonlinear integral equation:

I3

(1) = fi(6) - / gt — 7)F [x(7)]dt (2.139)

0

where:

G(p) - transfer function of the stable linear part of the system, expressed by the
derivative operator p = d/dt,

F(x) — single-valued nonlinear characteristic of the nonlinear part of the system,

f1(t) — external bounded action which doesn’t vanish, while satisfying condition

(2.79).
5@ x (1) y(® ¥
— Fx) | G >

Figure 2.39: Block diagram of forced nonlinear system.
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system, stability is the main requirement. When stability is ensured, then other
requirements need to be obtained such as dynamic performance indices, accuracy,
sensitivity, robustness, etc. The topic of stability of nonlinear systems given here
has shown that in general nonlinear systems are richer than linear systems in va-
rieties of possible behavior. Linear systems have one equilibrium state, contrary
to nonlinear systems. Because of that we can speak in linear system theory about
stability of a system. Stability here does not depend on initial conditions or type
of the excitation signal. However, nonlinear systems can have one equilibrium
state which is locally stable, another which is locally unstable and so on. Stability
must be analyzed in respect of a small (local) or large (global) change of state
around each equilibrium state. Stability can depend not only on initial conditions,
but also on the type of excitation signal, as well as on characteristics of a system
at and around a particular state3?.

This chapter has explained some very important achievements of the stability
theory. Lyapunov’s work revolutionized our thinking and perspective about stabil-
ity. New insights gave researchers new tools for stability analysis, enabling design
of control systems with ensured stability throughout the system’s state space. Ab-
solute stability by V.M. Popov brought us the method of stability analysis for a
specific class of unforced nonlinear systems. Due to its frequency interpretation it
became popular among control engineers. Later, generalization of this method to
include forced systems was also well accepted in the control community. Stability
is a very important property and because of that this chapter is so extensive.

In what follows we will talk about linearization of nonlinear systems and in
the rest of the book the harmonic linearization will be covered in more detail. The
reader should bear in mind that any linearization is valid only for a specific local
area of the state space close to the working point of a system. Due to that some
stability issues given in this chapter will be lost, because only one equilibrium
point will be of our prime concemn.

33 Equilibrium state.



Chapter 3

Linearization Methods

Dealing with nonlinear systems is difficult because known mathematical methods
do not give us powerful enough means to analytically attack many problems which
we encounter here. In order to simplify things and make them more manageable,
linearization is quite often used. By linearizing nonlinear system about a single
equilibrium state, the linear systems theory achievements can be explored. Some
of our introductory comments from the first chapter should again be seen in view
of this new perspective. Conventional linearization methods which are often used
in engineering practice will be presented. Some new techniques, such as feedback
linearization method’, input-output pseudolinearization?, and linearization about
a trajectory?, are left out because we believe that they are more appropriate to be
covered in a text dealing with the design of nonlinear control systems.

Often it is most convenient and simple to analyze the dynamics of a nonlinear
system by using a linearized mathematical model of the real system. With such
analysis a nonlinear mathematical model is replaced by a linear one. Nevertheless
caution must be taken, since such substitution is not always possible. Namely such
substitution yields a valid result only if the linear effects are dominant. On the
other hand if nonlinear effects are dominant, the linearization can only aggravate
the description of the system, which leads to wrong conclusions.

As already mentioned, a large proportion of real technical systems can be rep-
resented by a structure consisting of a linear and a nonlinear part, the latter being
described by static characteristics. Four linearization procedures are generally ap-
plied: conventional linearization, harmonic linearization, statistical linearization
and a combined one (harmonic plus statistical) (Csaki, 1972; Popov and Pal’tov,

'See Jacubczyk and Respondek (1980); Isidori (1995); Krstic et al. (1995).

2This is a special case of feedback linearization; see Jacubczyk and Respondek (1980).

3Linearization along a trajectory differs from the linearization about an equilibrium because this
linearization does not restrict the nonlinear system to stay close to a single equilibrium point, as is the
case with the linearization about equilibrium.
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Figure 3.1: Linearization of smooth nonlinear static characteristics by the tangent

line.
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Figure 3.2: Linearization of smooth nonlinear static characteristic by the secant
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Table 3.1: Algebraic approximations of the most frequent nonlinear functions.

Nonlinear function

Linear approximation I First neglected term

1

1+

=

Ax
1+ Ax

—

)

=
2

—

]
&

"
&

S

In(1 + Ax)

sinAx, sinh Ax,

arcsinhAx, arcsin Ax

cosAx, coshAx,
arccoshAx,
arccos Ax

tan Ax, tanh Ax,

arctanhAx, arctan Ax

1 —Ax

1+ nAx

I+ Ax

1+ (Ina)Ax

(Ax)?
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The disturbance variable w(r) is independent of the system itself. It can be arbi-
trary and may not be linearized.

By expanding the function (3.7) in a Taylor series at the operating point (3.8)
the dynamic equation of the system obtains the following form:

or\° oF \°
0.0 0
F(x17x2a0’yN70aOyO)+(—ax1> AXI+<_BX2> Ax2+<ax2)

OF \° aF \° oF JOF
Fla— ) dwv+ {5 ) v+ |5 ) Av+| 5= | AV
(3y1v> o (9)’1\/) o <9yN> o <5' ) N

+ ...+ higher order terms = @(w, w)
(3.10)

By neglecting higher order terms in (3.10), the linearized equation of the system
is written:

0 0
(55) o (55) o (35) s (32 ) o
X1 ox; dyn
P oF \° ..
+<—-—) AyN+<—a—£) AyN+(ay > AV = @(w,w) — o(w’,0)
(3.11)

Linearized equations (3.11) and nonlinear equations (3.7) describe the dynamics
of the system in Fig. 3.3. The differences between the equations (3.11) and 3.7
are following:

¢ Equation (3.11) is an approximation, since higher-order terms are neglected.

e Variables in (3.11) are excitation deflections Ax;, Ax; and response deflec-
tion Ayy from their respective operating points x?, xg, y?v.

e Equation (3.11) is a linear differential equation in relation to deflections

ar 0 IF 0
Axy, Axy, Ayy, Axy,. .., AY y with constant coefficients (9—7) R (Wz) yenn

These coefficients are variable coefficients when the nonlinear function F
is also a function of the argument ¢, or when the operating point is defined
by variable quantities x)(r), x3(¢), Y% (¢), as is the case in programmable
control.

Analytical linearization method by expansion in Taylor series is equivalent to
the graphical linearization. Figure 3.4 presents a graphical dependence of F(xy)
with fixed values of remaining variables x; = xz, X2=0,yy = yN, YN =N =
Yn=0.
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The minimum of the sum of squares for £ is obtained when the first partial deriva-
tives are equal to zero:

JoE oE JoFE
= = == =0 3.28
oK, 0K K, ( )
JE .
K= Y 2(KiAxix 4+ KoAxop + ...+ KyDxwi — Ayni) Axyg = 0 (i =1,2,...,n)
i =l
(3.29)
and further:
m m m
Ki Y Axylxip+ Ko Y, Mg+ ...+ Ky Y, AxeAxig
k=1 k=1 k=1 ‘ (3.30)

= AynpAxy (i=1,2,...,n)
k=1

Il

Coefficients of linearization K; are defined by the solution of the system of n
equations (3.30). For a function of one variable yy = F(x), the equation of the
linearized model is:

Ayy ~ K - Ax (3.31)

where the coefficient of linearization or equivalent gain is:

M3

AynipAxy

K="~ cm>1 (3.32)
5MUZ

Tzt

The least-squares method is applied in cases when approximations by simpler
methods yield no satisfying results. In the case when the nonlinear function cannot
be represented analytically, the sums in the expression (3.32) can be replaced by
integrals. In such a way, for the function of one variable yy = F(x), the coefficient
of linearization by the least-squares method is:

Ax
| AF(Ax)Axd(Ax)
Ko oA

(3.33)

Ax
[ (Ax)?d(Ax)
—Ax

Although the least-squares method is better than the simpler tangent or secant
methods, it is seldom used in practice because its realization is difficult, especially
in cases of more complex nonlinear functions.
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n =1 and n = 2, whereas for n > 2 the coefficients of linearization differ. For
example, for n = 3, the least-squares method yields:

2X2(Ax)} + (Ax)®
$(ax)?

=3X*+ %(Ax)z

It is evident that the coefficient of linearization obtained by the least-squares
method depends on X and Ax, and differs from the coefficient of linearization
obtained by the tangent method: K = 3X>. The same is true for n = 4. With the
least-squares method:

8y3 3,8 5
8% (Ax)® + S (Ax 2
) XA sy 22 piany?

K=
3(Ax)* 5

while the tangent method yields K = 4X>. It can be shown that the coefficients of
linearization will differ for all n > 2.

3.5 Harmonic Linearization

In technical calculations, because of the complexity of an exact description of all
phenomena, the system is always replaced by an idealized mathematical model
which may contain all the basic properties of the system and will enable as simple
as possible methodology to be used for defining the dynamic behavior. Since
the linear models are best researched, every real system ought to be replaced by
an equivalent linear system. The analytical approximations by tangent or secant
methods in the vicinity of the operating point cannot be used in the cases when the
input (excitation) variable instantaneously changes its value from x = 0 to x = X,
as shown in Fig. 3.6a,b.

In Fig. 3.6 straight lines are shown y = Kx, yv = K,¢x and yy = K;yx by which
linearization of nonlinear static characteristic yy = F(x) is possible. Linarization
by the first straight line yy = Kx is justified in all situations when the change of
the input (excitation) variable x in the vicinity of the operating point (i.e. the point
“0” at the coordinate origin) is small. If the change is rapid and large from x =0
to x = X, the point C on the curve yy = F(x) (Fig. 3.6a) is defined by the equation
of the straight line:

F(x)
X
For an arbitrary change of the excitation from x(¢) = 0 to x(¢) = X, the response
yn = F(x) will be closer to the linear system with equivalent coefficient of pro-

portionality:

YN = Kinx; Ky = (3.35)

Knm < Koy <K 0rK < Key < Ky, (3.36)

which depends on the form of the nonlinear characteristic, Fig. 3.6a and b.
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Figure 3.7: Types of input signals to a nonlinear element yy = ax + bx3.

The value of this coefficient for every point C(x,yy) of the characteristic yy =
F(x) and for the known laws of change of x() can be evaluated if the condition
of equivalence is defined, such as equal areas under the curves yy = F(x) and
yn = Kegx, or the energy equality, etc. For a nonlinear function, e.g.

yN = ax+bx* (3.37)

if the excitation to nonlinear element x(¢) has the form of the square wave periodic
function (Fig. 3.7a), the response yy(¢) = F(x) will have the form of square wave
oscillations F(X,,). The equivalent gain at the particular point C(x,yy) of the
curve yy = F(x) results from the equation (3.35):
F(X,
Keg = FXn) =a+bX2 (3.38)
X
and the equivalent linearization (known as the rectangular linearization) of the
nonlinearity (3.37) has the form:

y = Kegx = (a+bX2)x (3.39)

From the expression (3.39) it is evident that the equivalent coefficient of lineariza-
tion depends exclusively on the amplitude of the square wave periodic input func-
tion.

When the excitation x(¢) is a sinusoid (Fig. 3.7b):

x(t) = Xusinot (3.40)

the response yy = F(x) = ax + bx* will take the form of a complex periodic func-
tion. In the case when y = F(x) is a linear function, the response will be a sinu-
soidal one with the same frequency as the input signal:

y =X)sinwt (3.41)
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The graphical display in Fig. 3.11c shows that the coefficients of harmonic lin-
earization P(X,,) and Q(X,,) are discontinuous at the point X, = x,, i.e. at this
point a pulse of finite duration appears.

For a single-valued relay characteristic, equation (3.71) becomes x; = xp,
Q(X,,) = 0, and the describing function has only the real part:

4y, Xa 2
X,,) = — (2= 3.72
Gntn) = 2 [1- (32 6.7

The describing function of a two-position relay follows from equation (3.72) for
xg, =0:

4Ya
Xy,
In practice, normalized forms of describing function are used. For standard non-

linearities approximated by straight lines, the normalization of harmonic lineariza-
tion occurs by substitution:

Gy (Xm) =

(3.73)

X,
N=22, y=2tn. )2 (3.74)
X4 Xa Xg

where N is the normalizing factor, 4 is a dimensionless amplitude and A is the
reset coefficient. The normalized describing function of a three-position relay
with hysteresis is:

GN( ):NGNO( )

3.75
Gy (4 [\/A2—1+\/A2 A2 —j( 1—/1)} 579

where Gy, (A4) is the normalized gain.

A graphical display of the function Gy(X,) in the complex plane is called
the amplitude characteristic of a nonlinear element. Amplitude characteristic and
describing function of basic standard nonlinear elements are shown in in Table
A.lin Appendix A.

As already mentioned, with the harmonic linearization method (linearization
in frequency domain), nonlinear characteristic yy(t) = F(x) has instead of one
line a “bundle of lines” with slopes that depend upon the amplitude of oscillations
of variable x(r), i.e. upon the “operating interval” of yy(¢) = F(x) spread by the
oscillations x(7) = X, sinot.

EXAMPLE 3.2
(DESCRIBING FUNCTION OF A TWO-POSITION RELAY WITHOUT HYSTERESIS)
The following example which shows clearly the significance of the describing
Sunction is the two-position relay without hysteresis, with harmonic input of vari-
ous amplitudes.
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Figure 3.14: Noise corrupted excitation and response of a saturation nonlinearity.

signal, within the saturation limits. The appearance of irregular oscillations of the
output signal causes changes in the spectral content of the output signal, i.e. it
will be “rich” with both high and low harmonics. This can have a negative effect
in feedback systems and cause undesired performance of the system.

Exact methods of determining the dynamic behavior of a nonlinear system
under random input signals are not yet available. Analysis of the passing of useful
signals and noise through a nonlinear element asks for approximate methods, of
which the method of statistical linearization is most appropriate.

Essential to the procedure of statistical linearization is the replacement of a
nonlinear element by—in a statistical sense—a linear one, which preserves some
probabilistic characteristics of the output signal. These are commonly the mean
value and dispersion. Two criteria are helpful:

1. Minimum of average least-squares difference of nonlinear and linearized
system,

2. Equivalence of nonlinear and linearized system in mathematical expectation
and dispersion.
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Figure 3.16: Normalized K, and K for the nonlinearity of the type saturation.

When the coefficients of linearization Kg are determined with the expressions
(3.99) and (3.100), the results are near to exact results. Still better values of Kg
are achieved by taking the mean arithmetic value:

_ K5 +Ks,
2

From the expressions for Ky, and K it follows that the coefficients of linearization
depend not only on the form of nonlinearity yy = F (x), but also on the probability
density of the random quantity p(x) as well. In order to determine the coefficients
Ky and Kj, the random process which acts upon the input to the nonlinearity,
must be subdued to the normal distribution law. As most real automatic control
systems are described by a combination of a basic nonlinearity plus a linear part
that behaves as a low-pass filter, the change in the form of the distribution law in
broad limits is not essential for the accuracy of evaluating the coefficients K7 and
K. With normal distribution law, the probability density is uniquely determined
by the mathematical expectation m, and the dispersion o, of the random process
x(t). The coefficients Ky, and K with known m;, and oy, i.e. Kyr = Kpy(my, 0y) and
Ks = Kg(my, 0y) are also unique. Namely, by applying linearization (Fig. 3.15),
the coefficients K3, and K are functions of the useful input signal and of the added
noise. For basic nonlinearities, coefficients of linearization are evaluated both an-
alytically and graphically. Figs. 3.16 and 3.17 give normalized graphical relations
of Ky and K for typical nonlinerities, such as saturation and three-position relay
without hysteresis.

According to this graphical display, obviously the presence of a random com-
ponent of the input signal x(¢) “smooths” the nonlinear function yy = F(x) in
terms of the mean value of the signal. For o, = 0, i.e. for vc(¢) = 0, the function
my, = f(my) is equal to the static characteristic of the nonlinear element yy = F'(x).
By increasing oy, the slope of the nonlinear static characteristic m, = f(my) is
diminished. The random component of the input signal “linearizes” the characte-
ristic of the nonlinear element for a deterministic component (m,, mean value) of
the input signal. For instance, a relay element behaves as an element with a conti-

Ks (3.101)
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2. Input signal is formed by one sinusoidal and one random signal,
3. Input signal is formed by two random signals.

When at the input of the nonlinear element two random signals with normal dis-
tribution are applied, the behavior of the nonlinear element can be analyzed by
the use of statistical linearization with one random input. Namely, the sum of
two signals with normal distribution has also the normal distribution, and the total
dispersion is the sum of two dispersions.

In order to find out the properties of nonlinear systems, the dual-input de-
scribing function is an appropriate choice. When the input signal consists of two
harmonic components with proportional frequencies, the input will be:

x(t) = Xy sin(ot + @) + Xq sinQt (3.103)

where Q = m® and m = b or m = 1/b, b is an integer. The output signal of the
nonlinear element is:

ya(t) = Pysin(wr+ @) + Q) cos(wt -+ @) + Py sinmot + Oy cosmar + . ..
(3.104)
From this equation, the describing functions for the fundamental component @
and harmonic component m® are written down:

1
GN] (XC(MXQ, (pvm) - /Y—
w

1
GN,,, (X(L)sXQa (Pym) = )?Q [Pm(X(D7XQa (pam) +ij(Xw1XQv (pam)] (3106)

[Pl(Xw,XQa(P,m)+jQI(vaX97(Pam)] (3105)

It must be noted that the above describing functions depend on Xy, Xo, 0, Q,
¢, and possibly (not given in 3.103) upon the phase shift of the second harmonic
component. Otherwise, the existence of two describing functions complicates the
examination of the system behavior, as the evaluation of the describing function
1s a complex and laborious process since six variables are in play. The method
of dual-input describing function is appropriate when solving problems linked to
the dynamic behavior of nonlinear systems, the stability of forced oscillations,
resonance jump, analysis of subharmonic oscillations, the study of dynamics for
a system with two nonlinear elements, and finally for the application of dither
signals in nonlinear systems.

EXAMPLE 3.3

(DUAL-INPUT DESCRIBING FUNCTION OF A CUBIC NONLINEARITY)

The build-up of subharmonic oscillations can be shown for the case of a cubic
nonlinearity:

yn(t) = F(x) = ax’(1) (3.107)
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respectively:
Y
yl(t):Im{(ifl JXQ‘>X ef<w’+‘f’>} (3.117)
w
Y,
yMt):Im{(-% +J )?;")Xge/'”‘”’} (3.118)

For m = 1/3, from (3.111) and relations for y\(t) and yu(t), follows that the
dual-input describing function for cubic nonlinearity and for the input signal of
Jfrequency w is given by:

3
G (Xo, Xa,,m) = 7 (X5 +2X3) (3.119)

while for the input harmonic component of frequency Q = mw, the dual-input
describing function is:

3
Gm (X Xa, @,m) = Za (2XG +X5) (3.120)

Note that neither dual-input describing function depends on the phase shift and
therefore are real.
Form=1/3 and from (3.111) and (3.117):

1
Im{GNl(Xw’XQu(P>§)}
(3.121)

3 1
=3 (X2 +2X3) X sin(wrt + @) — Za)(gsin wt

The dual-input describing function for subharmonic (m = 1/3) input component

is real, and given by:

1, 3
3) = 792X +X3) (3.122)

while the dual-input describing function for the first harmonic is complex:

GN|/3 (vaXﬂv (p7

1. 3 1 X3
Gn, (Xo,Xa,0,3) ==a (X(i +2Xg22) —-aFcose
4 4 Xo (3.123)
N 1 X2 '
j4an sm(p

Form =3 from (3.111) and relations for y\(t) (3.117) and ym(t) (3.118), follows:

3 3
G (Xo, Xa, 9,3) = Za(Xf) +2X3 — XpXq cos3¢) +j7aXuXasin3e (3.124)

3 3

1 X A
GN3(Xw,XQ,(p,3):4 3(2XZ+XQ)—)TQCOS3(¢) a%—smS(p (3.125)
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3.9 Conclusion

The classical dilemma for control engineers is always “to linearize or not to lin-
carize the mathematical model.” For physicists this dilemma does not exist, be-
cause they need the most accurate models. However, control engineers are aware
of the fact that sophisticated mathematical models provide accurate descriptions
of the system behavior, that the linearized model gives only a local description of
nonlinear system behavior, and that some of the intricacies of the nonlinear Sys-
tem behavior may be lost through linearization process. Control engineers must
always weight the accuracy of the nonlinear model against the simplicity of the
linear model, which is more amenable for analysis and design of control systems.
If linearization is acceptable, meaning that the consequences of linearization are
tolerable, then it should be recommended. However, we should be aware of conse-
quences which linearization can make, and this chapter hopefully can help in that.
Several linearization methods about equilibrium state are covered in this chapter.
They are very often used in control applications. Harmonic linearization has great
appeal in the control community because engincers are well prepared to analyze
systems in the frequency domain. Due to the fact that nonlinear systems often
operate in the oscillatory way, this method of linearization lends itself naturally in
this case, and this is the main reason why in the following chapters this kind of
linearization will be used.

The main limitations in the utility of linearizations are (a) control design based
on a linearized mathematical model of the plant will behave poorly, especially if
the plant operating point moves away from the equilibrium point about which the
linearization is made, (b) the system does not possess filtering capability needed
for applying the harmonic linearization.






Chapter 4

Operating Modes and
Dynamic Analysis Methods

This chapter serves as a bridge between the first and the second part of the book.
While in the first part we intended to be more general and talk about nonlinear sys-
tems in general, in the second part of the book nonlinear control systems are our
prime topic. So, the operating modes in which a nonlinear control system usually
operate are very briefly presented in this chapter. Dynamic analysis methods are
also briefly mentioned. Some of them are very common in engineering practice,
and they are elaborated in subsequent chapters.

4.1 Operating Modes of Nonlinear Control Systems

An important property of nonlinear automatic control systems is the possibility
to restore oscillations as one of possible dynamic states. Periodic oscillations
can emerge as a consequence of either input periodic excitation (forced oscilla-
tions) or due to influence of the system, when oscillations are established without
external excitation (self-oscillations), i.e. when the system operates in the stabi-
lizing mode (Rosenwasser, 1969; Popov, 1960; Naumov, 1972; Netushil, 1983).
Periodic oscillations which occur in nonlinear control systems are very often a
normal operating mode. The periodic operating mode is normal in guidance of
moving objects such as airplanes, rockets, ships, etc. Although the oscillations
are unwanted especially for tracking control systems, in many cases they cannot
be avoided. The control engineer should know appropriate methods which can
reduce the oscillations to a tolerable level or even completely suppress them. Of-
ten in order to achieve this, the designer will use harmonic excitation signals with
the frequency below the bandpass of the linear part of the system. The effect of
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By analyzing the phase plane of the second-order linear system we can conclude
about the patterns of phase trajectories of the nonlinear system with local devi-
ations from the equilibrium point under consideration. While for linear systems
these patterns are global and are valid in the whole phase plane, for nonlinear
systems they will be valid only “in the small”.

The method of phase trajectories is very convenient for the analysis of un-
forced nonlinear systems (with initial conditions differing from zero), when dif-
ferential equations are of first and second order. When the nonlinear systems are of
higher order, the method of phase trajectories is not suitable because of the com-
plexity of the procedure and of the impossibility of a visual display of the phase
trajectory or phase portrait. For some classes of nonlinear systems of higher order
bifurcation theory and other numerical methods can be applied.

5.1 Phase Plane

5.1.1 Phase Trajectories of Linear Systems

The dynamic behavior of a second-order linear system can be described by differ-
ential equation (5.1) for n =2 as:

d?x(t) 5 dx(t)
“arr T dr
where b; = % and by = gizl
Coefficients b, and by are usually given by the damping ratio® () and un-
damped natural frequency* (®,) as by = 2{ @, and by = ®?. The geometric pre-
sentation of the general solution to differential equation (5.1) for n = 2 is a family
of phase trajectories in the phase plane with coordinates x and x. From (5.5) for

y=x= %ﬂ two differential equations of first order emerge:

+box(t) =0 (5.5)

B b1yt~ o)
o) (5.6)
I = (1)

By dividing the first of these two equations by the second (with x % 0 and y # 0),
a differential equation of the phase trajectory is obtained:
dy(1) x(1)

e —b, —bom 5.7)

3The damping ratio is defined as the ratio of the actual damping constant to the critical value of the
damping constant, { = 3—\%
“The undamped natural frequency is defined as the frequency of the sustained oscillation of the

transient if the damping is zero, @, = /%izl,
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Figure 5.1: Classifying local structures.
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where:

b\ 2
c = Cw,,:%;a)dz bo—(—2-1-> = w,\/ 1 -2
y = by=w,; O=tan"! <£>

4

The constants 4 and ¢ are determined from initial conditions xo and yq. The
transient process and phase portrait of the system (5.11) are shown in Fig. 5.3.

From Fig. 5.3 it follows that damped periodic oscillations of a linear system
are represented in the phase plane by a spiral trajectory, where the state moves
from initial point Mp(xo,y0) towards the origin x = 0, x = 0.

A singular point of the type unstable focus results from a general solution
of the equation (5.5) for the case when the roots (5.8) are conjugate complex
with positive real parts bf < 4bgy, by < 0, by > 0 (see region 3 in Fig. 5.1). The
general solution is a periodic oscillation with exponentially increasing amplitude,
i.e. the linear system is unstable. Phase characteristics of the system are given
by expressions (5.11) for ¢ = b /2. The transient process and phase portrait are
shown graphically in Fig. 5.4.

The result is that periodic oscillations of the linear system with increasing
amplitude take in the phase plane the form of a spiral trajectory, where the state
moves with time from the initial point My(xg,y0) further from the origin x = 0,
x=0.

A singular point of the type stable node results from equation (5.5) for the
case when roots (5.8) are real and negative b% > 4bgy, by > 0, by > 0 (see region
1 in Fig. 5.1). The general solution is a non-oscillatory transient process, i.e. the
linear system is stable. Phase characteristics correspond to the expressions:

x(t) = Cre” % + Cre™ %

dx(t (5.12)
y(t) = ) _ ~01Cie” % — 0y Cre™ %

where O1n = 11,2 > 0.

Possible forms of state trajectories of the linear system and its phase portraits
(5.12) are shown in Fig. 5.5.

In Fig. 5.5a are shown two possible behaviors of the state in time (curves 1
and 2) and corresponding phase trajectories 1 and 2 in Fig. 5.5b. For responses
such as those given by curve 1, it can be stated that for all time the sign of x(¢) and
y(t) does not change, i.e. x(¢) > 0 and y(¢) = x(¢) < 0; Vt. However, for responses
represented by curve 2, the sign of x(¢) and y(¢) will change only once. The
boundary lines for trajectories 1 and 2 are defined by the lines in phase plane y =
—0yx and y = —0yx, that follows from (5.12) for 07 = 0 and 6, = 0, respectively.
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Figure 5.6: Possible phase trajectories (a) and phase portrait (b) of linear system
with singular point of type unstable node.
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Figure 5.8: Possible forms of solution of an unforced nonlinear system.
























Phase Trajectories 211

X A
, E

90+«
D

@0/‘ c F x

]

-
-

Figure 5.12: Construction of phase trajectory by §-method.

determining (resolving) the value of §; and the slope of the tangent for the point
B; at the phase trajectory, Fig. 5.12.

The points on phase trajectory with the §-method are determined by the fol-
lowing procedure: In the phase plane, the starting point By is defined by initial
conditions. Then from (5.34) the corresponding & is calculated and the point Dy
plotted on the abscissa axis. From this point the circle is plotted through the point
Byo on the phase trajectory. Close to that point on the circle, the next point By is

chosen with the coordinates (%,m) . These coordinates put in (5.34) will result

in 6y which defines the point Dy on the x-axis. From that point the next circle is
drawn through the point By. The procedure continues with defining the next point
on the circle close to the point B; and so on until enough points By,By,B2,...,B;
are found to plot the phase trajectory.

Method of Adjoint Solutions

When the systems contain elements with relay or piecewise linear characteristics
in general, phase trajectories are constructed from trajectory parts which corre-
spond to linear parts of nonlinear characteristic. Those individual parts of the
nonlinear characteristics are described by linear equations and thus can be eas-
ily solved. The overall characteristic of a typical nonlinear element can be de-
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Figure 5.12: Construction of phase trajectory by 8-method.

determining (resolving) the value of §; and the slope of the tangent for the point
B; at the phase trajectory, Fig. 5.12.

The points on phase trajectory with the 0-method are determined by the fol-
lowing procedure: In the phase plane, the starting point By is defined by initial
conditions. Then from (5.34) the corresponding & is calculated and the point Dg
plotted on the abscissa axis. From this point the circle is plotted through the point
By on the phase trajectory. Close to that point on the circle, the next point B is

chosen with the coordinates (%,xl) . These coordinates put in (5.34) will result

in 8;which defines the point D; on the x-axis. From that point the next circle is
drawn through the point B;. The procedure continues with defining the next point
on the circle close to the point B; and so on until enough points By, By, B>,...,B;
are found to plot the phase trajectory.

Method of Adjoint Solutions

When the systems contain elements with relay or piecewise linear characteristics
in general, phase trajectories are constructed from trajectory parts which corre-
spond to linear parts of nonlinear characteristic. Those individual parts of the
nonlinear characteristics are described by linear equations and thus can be eas-
ily solved. The overall characteristic of a typical nonlinear element can be de-
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\j

Figure 5.14: Possible form of function v = f(y).

Let us see the dynamics of the nonlinear system given by the trajectory in Fig.
5.13. In a specific moment, the dynamics of the system are given by point 1 on the
y-axis. After a certain time point 1 will reach point 2, then point 3 and so on. We
can say that after some time all the points of the positive y-axis will be mapped
to some other points on the same axis. If points circulate around the coordinate
origin, the positive y-axis maps into itself. If the same point is copied into itself
(immobile point), that means that the closed phase trajectory passes through this
point, i.e. it is a singular point (/imit cycle).

It can be concluded that for finding the parameters of self-oscillations, it is
sufficient to determine mapped points of a half-line starting at the singular point
of the phase plane.

The coordinates of point 2 on the phase trajectory Fig. 5.13 depend only
on coordinates of point 1. Namely, the mapping of half-line Oy into itself, the
coordinate v of the mapped point 2 depends on the coordinate y of point 1, v =
f(v). A possible form of this function is shown in Fig. 5.14.

The line v = y in Fig. 5.14 is the bisectrix of the system. The intersection
points of the line v = y with the curve v = f(y) are fixed points of the mapping,
i.e. singular points which determine the limit cycle. The part of the curve v = f(y)
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The time ¢ which corresponds to every point on the phase trajectory is obtained
by the approximate expression:

(5.39)

The region of the phase plane where this part of phase trajectory lies, and for
which time must be found, is divided by vertical lines of width Ax. In the middle
of every Ax, starting from the point A(xg, ), X; o and the corresponding value of
Xi,av, are found and by means of equation (5.39) Ay, is calculated. On the z-axis
(Fig. 5.15b) time #; = #;_) + At; is subsequently defined while on the x-axis the
corresponding coordinate x is drawn (Fig. 5.15a).

The time of the transient response is found from the equation:

dx
=% = —— 5.40
y=x=— (5.40)
or.
X ) 1
= —dx (541
x Y

In order to find time ¢ from the above expression, the graphical display of the
function must be determined:

S =) (5.42)

The area below the curve f(x) is equal to the time of the transient response for the
region in consideration (Fig. 5.16). By means of the phase trajectories it is simple
to find the maximum values of x{¢) and %(¢), i.e. the values are directly read from
graphical plots.

The method of phase trajectories is applied when the dynamic behavior of an
unforced system with initial values other than zero is sought. By substituting the
variables, it is possible to reduce to unforced systems the forced systems with a
constant input variable, or with the input variable with constant velocity.

EXAMPLE 5.1
The system shown in Fig. 5.17 is first excited by a unit step function r(t) = S(t) =
1,V > 0, and then by a ramp function r(t) =1t,Vt = 0.

Dynamic behavior of the linear system can be determined by variable e(t).
The differential equations of the system are:

T3(6) +y(1) = Ke(t) ;
) = r(r) —e(r)

Té(r) +é(t) + Ke(t) = TF(t) +#(1) (5.44)

(5.43)
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Figure 5.16: The duration of transient process.
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Figure 5.17: Block diagram of linear system.

If v(r) = S(¢), initial conditions relative to the variable ¢(t) are:

e(0) =1;¢(0) =0

v
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(5.45)

The block diagram of the forced system in Fig. 5.17, with input r(t) = S(t), is
reduced to an unforced system with initial conditions (5.45) by choice of the vari-
able e(t). In the case of a ramp function input, r(t) = t, the equation (5.44) has

the form:

By introducing a new variable:

el(t):

equation (5.46) becomes homogenous:

e(t) —

Té(t)+e(t)+Ke(t) =1

1

K

Té](t)+é1(l)+e](l‘)=0

(5.46)

(5.47)

(5.48)
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Figure 5.18: Block diagram of nonlinear system.

with initial conditions e1(0) = —~1/K,e(0) = 0,é,(0) = é(0) = 1. The analysis
of the forced system can be carried out by determining the phase trajectory of
the unforced system with the new variable e(t) or ei(t) for unit step or ramp
excitation, respectively.

5.3 Examples of Application of Various Methods to
Obtain Phase Trajectories

EXAMPLE 5.2 (PHASE TRAJECTORIES BY AN ANALYTICAL METHOD)

For the system shown in the block diagram (Fig. 5.18), the phase trajectory is to
be found.

Solution. The differential equation of the unforced system in the Laplace domain
in relation to coordinate x is:

1 1 .
Y= N= 73 - Mpsign x = —x (5.49)
or in the time domain:
T L Mosignx =0 (5.50)
dt2 0 g - .

By normalizing the above equation and introducing T =t\/Mo/J , we will get:

d?x

ET,'—Z :signx (551)

By substituting y = % in (5.51), a system of two first-order differential equations

is obtained:
dx _

P

— = —signx (5.52)
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Figure 5.19: Phase trajectory.

FElimination of T from (5.52) yields:
ydy = —signx dx (5.53)

Integration of (5.53) gives the resulting phase trajectories:

2
32- = Fxtc (5.54)
The integration constant is determined by initial conditions t =0, y(0) =0, y(0) =
0, x(0) = xg = ¢. The phase plane has two sheets, which reflect the state of the
relay: sheet (a) with the equation y = —1 and sheet (b) with the equation y = 1.

The starting point of the trajectory in Fig. 5.19 is on the sheet (a) at the
point x = xo. Motion of the point in sheet (a) is given by the trajectory equation
¥ = 2(x—xq). Point 2 on the trajectory has coordinates x = 0, y = —\/2xg. The
equation of the trajectory for sheet (b) is y* = —2(x —xo). By analogy, points 3
and 4 of the trajectory are found. Time for the motion along the trajectory from
point 1 to point 2 is obtained by integrating (5.52) within the boundaries y = 0
andy = —/2xg and it is T, = /2xg .

The phase trajectory from Fig. 5.19 is a parabola symmetrical to the y-axis,
i.e. a closed curve (limit cycle) of self-oscillations with amplitude xy,x = xo and
VYmax = /2x0 and oscillation period T = 4+/2x. [

EXAMPLE 5.3 (PHASE TRAJECTORIES BY A GRAPHO-ANALYTICAL METHOD)
For the system described by the equation:

() +x(t)=0 (5.55)
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the phase trajectory is to be found by a grapho-analytical method.

Solution. By substituting X = y in (5.55), a system of two first-order differential
equations is obtained:

dx
a7
dy
dr
By eliminating parameter t, the differential equation of the phase trajectories is

obtained directly:
dy X

dx y

If in the above equation % = const = N is set, the equation of isoclines results:

1
y= —Nx
By varying N from zero to infinity, a family of straight lines in the (x,y)-plane can
be drawn, Fig. 5.20. The arrows which indicate the slope of the trajectory at any
intersection point with the isoclines are perpendicular to the isoclines, i.e. the
slope of the isoclines and of the trajectory are determined by N, so all the phase
trajectories are circles in the (x,y) phase plane.
If the system is described by the equation:

#(t) 4 wdx(t) =0

the equation of phase trajectories is:

dy a)gx
dx y
and the equation of isoclines is:
o
=——Xx
Y

As is obvious from the last equation, in this case the family of isoclines is deﬁned
by stralght lines through the coordinate origin, with slopes determined by (1)0
For a)0 # 1, the phase tra]ectory will take the form of an elllpse with the major
half-axis on the y-axis for a)o > 1, and on the x-axis for wo <L

]

EXAMPLE 5.4
(PHASE TRAJECTORIES BY A METHOD OF ADJOINT SOLUTIONS)
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Figure 5.20: Phase trajectories by isocline method.
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Figure 5.21: Block diagram of a servo system.
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—1.54° 7 1.54° x

Figure 5.22: Sheets in phase plane.

For sheet 1 in the phase plane uy = 6[V], and by inserting K and T in (5.58)
aswellasy = ‘;—f , the equation of the phase trajectory is:

dy —2y+60.7
dx y
with the solution:

x=15.1-0.5y—15.11In(60.7 — 2y) +C, (5.60)

For sheet 2, uy = O[V'], and equation (5.58) takes the form:
Zyoy=0 (5.61)

By substituting in (5.61) y = %)7‘ and by eliminating the variable 1, the equation of
the phase trajectory becomes.

dy 1

dx T
The solution of this equation is:

1
y= ——fx+C2 =-2x+G

For sheet 3, uy = —6{V], and by analogy with the expression (5.60), the equation
of the phase trajectory is:
dy —2y—60.7

dx y
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Figure 5.23: Phase trajectory obtained by method of adjoint solutions.






Chapter 6

Harmonic Linearization in
Dynamic Analysis of Nonlinear
Control Systems Operating in
Stabilization Mode

In this chapter the harmonic linearization is used for dynamic analysis of non-
linear control systems operating in stabilization mode. This mode of operation
is characterized by the fact that some desired operating point has to be main-
tained over a long period of time. Many nonlinear control systems, especially in
process industries, are normally working in this mode of operation. Two cases
are treated here: analysis of an unforced nonlinear control system experiencing
self-oscillations and analysis of nonlinear control system forced to oscillate with
desired frequency. It should be pointed out that it is very common for nonlin-
ear control systems working in stabilization mode to oscillate around a desired
operating point.

6.1 Describing Function in Dynamic Analysis of Un-
forced Nonlinear Control Systems

Analysis and synthesis of linear control systems by frequency methods have cer-
tain advantages which made them well accepted in engineering practice. Namely,
the analysis of a control system such as stability analysis, filtering analysis, etc.,
as well as design of a controller (or compensator) by some design method is re-
duced to the relatively simple analysis of a group of algebraic equations in the

227
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HH=0 X(6) (0 3 0)
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Fy  |— G(p)= Ag ; >
o=1r, sin(wt + @)
(b)

Figure 6.1: (a) Block diagram of an unforced nonlinear control system, (b) estab-
lished monoharmonic (self-) oscillations.

operating mode and that the controller maintains the process at the nominal oper-
ating point »(¢) = 0 eliminating the pulse-type disturbances. Also, for many non-
linear control systems the normal mode of operation is the self-oscillating mode.
We can mention here two examples: control systems with two-term controllers
(temperature processes) and a majority of extremal control systems work in ex-
tremal mode (static optimal control systems).

6.1.1 Analysis of Symmetrical Self-Oscillations

Symmetrical self-oscillations can appear in nonlinear systems which have a non-
linear part with symmetrical static characteristic. A periodic solution of nonlinear
equation (4.5) by the describing function method is obtained from the condition
of harmonic balance of the system whose structure is shown in Fig. 6.1.

The dynamics of such an unforced nonlinear control system (Fig. 6.1a) are
described by the differential equation:

y(p)=Gi(p) F(x) = = F(x) = —x(p) (6.1

respectively:
%(p) + Gu(p)F () = 0 (6.2)
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Figure 6.2: Block diagram of an unforced nonlinear control system, linearized by
harmonic linearization.

1. Analysis of monoharmonic oscillations in closed-loop nonlinear control
systems.

2. Determining conditions for which in the closed-loop nonlinear control sys-
tem’s self-oscillations cannot originate in the whole frequency band 0 <
< oo,

As ynr/yn < 1 for k > 2, the condition (6.9) can be relaxed and is practically
fulfilled when the slope of the amplitude logarithmic frequency characteristic of
the linear part G, (jo) is equal to —20[dB/decade| or —40[dB/decade].

With the slope G.(j@) equal to —20[dB/decade], the condition (6.9) is ful-
filled if:

GL(j2w) 1 |GL(j3w) 1
R AV EL)N p 6.10
GLjw) | 27| G(jw)| 3 (10
and with the slope of —40[dB/decade):
2 .
Guj20)| 1 1Gl3w)|_ L (6.11)
GL(jw) | 47| GL(jo) | 9

In the cases when G (j®) doesn’t satisfy equation (6.9), or (6.10) and (6.11)
respectively, the results of the analysis by the describing function method must
be tested experimentally or theoretically, by analyzing physical or mathematical
models.

The structure of the control system in Fig. 6.1 which is linearized by harmonic
linearization is shown in Fig. 6.2.

The replacement in (6.2) of the operator p by the variable s = j and F(x) =
Gy (Xm)x, the equation of harmonic balance is obtained:

Gn(Xm)GL(jo)x+x=0 (6.12)
The characteristic equation of the system (6.12) is:
Gn(Xn)GL(jo)+1=0 (6.13)
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Figure 6.3: Goldfarb method of finding parameters of self-oscillations.
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W=0 __ x 3,0 W)
Fpn) |l G,(p)=2P) >
A(p)

Figure 6.5: Block diagram of an unforced nonlinear control system.

amplitude X, the periodic solution (or limit cycle) determined by the parameters
of the point N is a stable solution. It means that the system will sustain stable
self-oscillations with the amplitude X,y and the frequency wy (the limit cycle N
in Fig. 6.4).

By analogy to the Nyquist criterion, the stability of the periodic solution can be
found by the Mikhailov criterion (Netushil, 1983). For instance, the dynamics of
an unforced nonlinear control system of arbitrary structure with inertial nonlinear
element of the form yy = F(x, px) (Fig. 6.5) is described by the equation:

GL(p)F(x,px) +x=0 (6.16)
According to (3.51), the describing function of the nonlinearity yy = F(x, px) is:

Ok, @)
w

F(x,px) = P(X;, 0)x + px = Gy(X, 0)x (6.17)

From (6.16) and (6.17), the differential equation of the harmonic linearized system

is obtained:
O(Xon, ©) »
w

Gi(p) [P(Xm,w)+ x+x=0 (6.18)

By substituting p with s, the characteristic equation of the closed-loop linearized
system is:

D(s) = GL(5) Gy (X, ®) + 1 = G (s) [P(Xm, ) + %;")—“—’lsJ +1=0 (6.19)
By inserting G(s) = B(s)/A4(s) in (6.19):

=0 (6.20)

Dls) = 4(5)+ B6) [PCty )+ 222,

The equation (6.18) will have periodic solution x(¢) = X,,sinwt only in the case
when the roots of the characteristic equation (6.20) are imaginary. Putting s = jo
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Figure 6.6: Mikhailov plots.

1 encloses the coordinate origin, i.e. the transient process is a stable damped
oscillatory process. The curve 2 characterizes unstable oscillatory process with
increasing amplitudes. If at Ax > 0, the Mikhailov plot has the position 1, and at
Ax < 0 the position 2, the transient process will be such that oscillations with the
amplitude X > X, are damped (will decrease to the value X = X,,), while oscilla-
tions with amplitude X > X;, will increase to the value X = Xj,. In the aforesaid
case the transient process on both sides of the coordinate origin approaches the
origin, i.e. the periodic solutions are stable self-oscillations. By analogy, if the
Mikhailov plot at Ax < 0 has the position 2 and at Ax < 0 the position 1, the tran-
sient process on both sides of the coordinate origin has increasing amplitudes, and
the periodic solution is unstable. That means that the system’s equilibrium state is
locally stable and globally unstable.

6.1.2 Analytical Stability Criterion of Self-Oscillations

With graphical methods of determining the parameters of self-oscillations, it is
possible to formulate an analytical stability criterion. For instance, the stability
of self-oscillations obtained by the Goldfarb method, the points M and N on the
graphical display in Fig. 6.3 can be determined by using a damping factor ¢ of
the oscillatory process which is close to self-oscillations. In other words, the fre-
quency of the oscillatory process with damping factor o is close to the frequencies
of oscillatory processes in the points of harmonic balance M and N. The oscilla-
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Figure 6.7: Block diagram of unforced closed-loop control system and nonlinear
static characteristic of nonlinear element.

8QN _ 8QL do 6QL dw

X 90 Xy | 0w 9K
For the complex function (6.28) to be analytic at the point (X,,,®), the Cauchy-
Riemann condition states:

(6.30)

OR, _ 901 901 _ 9B

90 " 90 90 9w (631)
From (6.31), (6.30) and (6.29) follows:
90, 3Py OB, IQn
do _ Tt~ e R (6.32)

dx, ap\? | (30, \?
(%) (%)
Since the denominator in (6.32) is always positive, the condition for the stability
of self-oscillations will be fulfilled when:
30, 0Py 0P, 00y

The above expression is the Mikhailov criterion of stability of self-oscillations.

EXAMPLE 6.1

Find the stability of the equilibrium state of the nonlinear system with block dia-
gram shown in Fig. 6.7. The following values are set: K =0.82[s™'), T} = Th =
0.05[s], b= 0.25[F], c = 110[V].

Solution. For the Goldfarb method, the amplitude-phase frequency characteristic
of the linear part G (jw) as well as the harmonic linearized plot of the nonlinear
part of the system ~Vy(Xm) = —Gy' (X)) are to be determined.
Frequency transfer function of G1(jw) is:
K

GLU0) = T T o) 1+ o) (634)
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The curve (6.36) coincides with the negative real axis and has two branches which
intersect the curve G (jw) at two points. From (6.36) follows that at the crossing
of GL(jw) with the real axis ¢ = —180deg. From this follows:

—180deg = ~90deg —2tan"' (0.05w)

and also:
tan™1(0.05w) = 45deg or 0.05 = 1

so @ = 20[s™ 1. Calculating the modulus of |G.(j20)| gives:

0.82 1
GL(j20)| = ——— = 0.0205 =
1602001 = 3507 = v e

4-110 [T 0.0625
Gy (x) = ———1/ 5 — == = 4875

The above equation gives:

or.

x*~824x2 +0.516 =0
Two real solutions are:

x* = 8.176 and X,,, = 2.86
x* = 0.064 and X,,, = 0.257

The equation of harmonic balance:

1

GL(jw) =~ R (6.39)
has two solutions:
o =20[s""] and X,,, = 0.257[']
o =20[s""} and X,,, = 2.86[V]
so that:
xi(t) = X, sinwt = 0.257 sin(20¢) and (6.40)

x2(t) = X, sinwt = 2.86sin(20¢)

The stable solution of the system (6.37) is the solution at the point 2, i.e. by
increasing the amplitude X, the curve G(jw) will not include the intersection
point with parameters Xy, = 2.86(V] and w = 20{s~'|. In this nonlinear closed-
loop control system stable self-oscillations x(t) = 2.86sin20t will be established.
n
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where: .
n
FO= 2—71—'/ F (x4 X, siny, X, cos ) dy (6.58)
0
1 2n
P= ——/ F(x° + X, sinyr, X,,, cos ) sin wd yr
TXm Jo
e (6.59)
Q= —/ F(x° + X, sin y, X,, cos y) cos ydyr
nXm 0
and y = wr.

If the system contains a nonlinearity of zero order yy = F(x), the coefficients
of harmonic linearization (F°, P and Q) will not depend upon the frequency ®.
For typical nonlinearities, coefficients F°, P and Q are determined by analytical
expressions or by graphical displays (Table A.2 in Appendix A).

The differential equation of the nonlinear control system given in block dia-
gram (Fig. 6.9) is:

x(t)+y(t)=0
or:
x(t)+F(x,px) - Gr(p) =0 (6.60)

Combining equations (6.60) and (6.57), the harmonic linearized equation follows:

x(1) + <F0+Px*+—g-px*> GLip)=0 (6.61)

Inserting in equation (6.61) x(¢) = x° +x* and G, (p) = B(p)/A(p):

A(p)(x° +x*) + B(p) <FO+Px*+%px*) =0 (6.62)
or.
A(p)x® +A(p)x* +B(p)F° + B(p)(P+ %p)x* =0 (6.63)

Equation (6.63) can be satisfied only in the case when the terms for nonoscillatory
component x° and the periodic component x* are equal to zero. With x%(r) = x° =

const., from (6.63) follows for the nonoscillatory component:
A(0)x° + B(OYFO (x°, Xy, 0) = 0 (6.64)
and for the periodic component:

26, Xy, )

A(p)x* +B(p) | P (x° X, @) + P

plx*=0 (6.65)
These two equations derived from equation (6.63) are nonlinearly dependent, i.e.
the solution of the system of equations in the form (6.56) is not possible by super-
position of the solution for x° from (6.64) and the solution for X,, from (6.65).
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The describing function for the oscillatory component results from (6.78) and
(6.79):

2(1 0\?
GO (", Xm) = P, X) = (—EE)—C - (;‘ > @50

Equations (6.80) and (6.64) give:
FOU0, X,)GL(0) = —x° (6.82)
For example, if the linear part of the system (Fig. 6.9) has the transfer function:

Gu(s) = K [Ki+Ko(Tis+1)] _ B(s)
t s(hs+ 1)(Tis+1)  A(s)
GL(0)=0

Equation (6.82) gives:

FO(0, x, ):-izo (6.83)
5w '

From (6.83) and (6.80) the shift of the center of oscillations is found:

. nl—m
X = —Xmsmfl—i-m

= Xy COS (6.84)

7[
l4+m
The parameters of the periodic solution are obtained by solving the system of
equations (6.69) and (6.72). The characteristic equation of the system is:

A(s) +B(s)Gn(x°, X)) = s(Tos + 1)(Tis+ 1) + Kz [Ky + Ko(Tis + 1)) Gu(x, X,

(6.85)
Replacing s with jo in (6.85) results in:
R(x, X, ©) + JI(X°, Xy, 0) = 0 (6.86)
respectively:
R(x, Xon, ) = (Ki + Ko)Ka Gy (x°, X)) — (Ty + To)0* = 0 657
I, X, 0) = [1 + T1K2Ko G (x°, X)) © = T o = 0 '
From (6.87) follows:
wz _ K] +KO
" Ty (DK - Tk
1 ( 2T1+T1 0) (6.88)
G (", Xon) = L=

T Ky T(BKy — TiKy)
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r(f) = x° = const.

x(8) yu(® B o)
F(x,px) {F—» G, (p)= Ag ; >

Figure 6.13: Block diagram of a forced nonlinear control system.

6.1.5 Asymmetrical Self-Oscillations—Systems with Symmet-
rical Nonlinear Characteristic

The determination of asymmetrical self-oscillations which can be established in
the control systems which are subject to constant (or approximately constant) ex-
ternal action (Fig. 6.13) is analogous to finding the parameters of a periodic solu-
tion in unforced systems with an asymmetrical static characteristic of the nonlin-
ear element.

The differential equation of the system in Fig. 6.13 is:

Y0 = —x() = GUp)F(ep) p= i Gulp) =T (699)

or:
A(p)x+B(p)F (x, px) = A(p)r = M° (6.95)
Because of the forced external signal #(¢) & const., the periodic solution can be

asymmetrical. Asymmetrical self-oscillations at the input to nonlinear part of the
system are approximated by:

x(t) = x4+ x* = x¥ 4 X, sin ot (6.96)

where:

x¥ is the constant component, shift of the center of oscillation influenced by the

constant reference input.

x* = Xpysinwt is the periodic component of the input signal to nonlinear element
x(t), obtained as the result of established self-oscillations in the nonlinear
system, and determined by parameters X,, and @ which remain nearly con-
stant within one period.

By expanding nonlinear functions F(x) or F(x, px) into Fourier series, a nearly
constant component - appears. The describing function of the nonlinear element
yN = F(x,px) is:

F(x, px) = FO(xO,Xm, ) +P(x0,Xm, w)x* + Q(xO,Xm, w)x* (6.97)
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Fa } F(O+ X, sin wf)
mb
1
\ A |c !
1
i 2n .
4 »
0 : ©=ot
|
0, P, i1 0,
— |- —» }4—» — (P4
. b=x*
@, = arcsin
m
. —x°
@, =arcsin
. x°
@, = arcsin
. mb+x°
@, = arcsin

Figure 6.14: Input and output signals of a three-position relay with hysteresis.

EXAMPLE 6.4
Determine the coefficients of harmonic linearization of a general-type relay cha-
racteristic with asymmetrical harmonic input of the form x(t) = x° + X,sincot.

Solution. A general-type relay characteristic with the input x(t) = x° + Xysinot
and the output yy = F(x) = F(x" + X,,sinwt) is shown in Fig. 6.14.

Assuming that the amplitude of the harmonic component is X,, > b+ |x°, it
Sfollows:

1 2
PO ) = 5 / F(O+ X, sin aor)d(or)
0

e [/M}Z d(w) —/zn_wd(wz)} (6.104)

9 T+
=§[ﬂ—¢z—<p]~(2fr—<p4—n*<p3)]
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AF A F '
< c+ ¢ p—
N ‘J b x b
i 1 |
i 1 !
i 1 !
j 1 i
- s -
x° x° x°
(a) (b) (c)

Figure 6.15: Relay characteristics: (a) with histeresis, (b) with dead zone, and (c)
ideal two-position relay.

From the derived expressions for the coefficients of harmonic linearization of the
general-type relay characteristic, the coefficients of harmonic linearization of re-
lay characteristic with hysteresis, with dead zone and an ideal one (Fig. 6.15) can
be found.

By inserting m = —1 in (6.106), (6.107) and (6.108), the coefficients of har-
monic linearization of the relay characteristic with hysteresis (Fig. 6.15a) are
obtained:

0 _ 4,0
FO(xO,X,,,)zﬂsin—‘b“ _sin 2 x] (6.109)

X, 0" X,

2c b—x0\? b+x0\2
PO X,) = — [4/1~ 1— 110
w2 - (52) 0 - (22)] o
4ch

e

If m =1 is put into (6.106), (6.107) and (6.108), the coefficients of harmonic
linearization of relay characteristic with dead zone (Fig. 6.15b) are found.:

O(x°, ) = — (6.111)

c .
FO(xO,Xm)=;[31n] T i o (6.112)

2¢ b+x0\2 h—x0\2
0 _ _ _
P X) = = \/1 < ya ) +\/1 (Xm ) (6.113)

0", X,) =0 (6.114)

b+x° Gin-! b—xo]
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4

Figure 6.16: A possible periodic solution under the action of a nearly constant
reference signal.

1. The amplitude and the frequency of self-oscillations are not evaluated ac-
curately.

2. Self-oscillations do not exist in a real system, although they are predicted
by the describing function method.

3. Self-oscillations exist in a real system, although they were not predicted by
the describing function method.

The first inaccuracy appears quite often, because the method describes the oscil-
lations as a pure sinusoidal signal with constant amplitude and frequency, which
assumes that all higher harmonics are completely eliminated. How well the results
of the analysis (frequency and amplitude of self-oscillations) coincide to accurate
values depends on fulfilling the necessary conditions (filter hypothesis) to apply
this method. In order to get accurate results, simulation of the nonlinear control
system must take place.

The other two inaccuracies are rare, but they have grave consequences. For
this reason, simulation must be carried out, too. Nevertheless, such inaccuracy
can be foreseen if the frequency characteristic of the linear part of the system
G.(jo) and relative position of the inverse describing function —Gy'(Xy) are
analyzed.

Filter hypothesis is not satisfied. The accuracy of the describing function
method greatly depends on the filter hypothesis (6.4) being satisfied. Otherwise,
no correct answers can be expected. It was shown that the describing function
method gave wrong results with systems whose linear part has resonant overshoots
in the frequency characteristic.

Graphical conditions. 1f the frequency characteristic G;(j®) is tangential or
nearly tangential to —G;,] (Xw), the conclusions of the describing function method
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FV
- 0

ey

0 Re
X, 4
Z(X)
0 —
K =K_=const. K

or  w,= w, =const

(a) (b)

Figure 6.20: Graphical procedure to determine how the parameters of forced oscil-
lations depend on exciting frequency or some other parameter of control system:
(a) Z(Xy) for various K = const. or @, = const. (b) X, = Xp(w,) and X,, = X, (K)
according to graphical solution of (6.150).
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the characteristic equation of the linearized closed-loop control system is written
down:
F sin
(hp+ 1) (Gp+1)p [1 - /Tv (cosqo~ %p)] +K [P(Xm) +

m

(6.157)
When the derivative operator p is replaced by s = jw, in the above equation and
the equation is rearranged, the complex characteristic equation ensues:

K [P(Xm) + JO(Xn)] } . i
X il — - =F,(cosp — jsing) = F,e /®
[ (T el — 0 - T Baf)ay | 07 /50)
(6.158)
The coefficients of harmonic linearization of given nonlinearity F(x) are °:
4c [ B2 4bc
PXp)=—7\/1-=; 0Xn)=———:; Xpn>b
( m) 7'CXm X,%’ Q( m) TCX,% m
These values are inserted in the equation (6.158) and this is rearranged:
3.63\/)(,2,,—16+47,5+j(11,8 X,ln—16—14,5) _
Z(Xm) =X — = 20e~/?
X
(6.159)

The graphical procedures of finding the amplitude X, and phase angle @ of forced
oscillations are applied as follows:

In the polar plane the circle of radius F, = 20 is drawn, which corresponds to
the right side of equation (6.159) (Fig. 6.24a). By plotting various X,, values, the
Sunction Z(X,,) is drawn in the polar plane too. The intersection point of these
two plots offers the solution of the equation (6.159) X, = 21[V] and ¢ = 35[deg].

Various values of F,, in the polar plane have corresponding circles of radius F,.
At the intersection points with Z(X,,), the parameters X, and ¢ as functions of the
amplitude of the external periodic signal are found '° (Fig. 6.24b)—by analogy,
the relations between any quantities of the system and the system parameters can
be determined. [

6.2.2 Asymmetrical Forced Oscillations

In a nonlinear control system with the structure as in Fig. 6.23, asymmetrical
forced oscillations are possible, caused by an asymmetrical static characteristic of
the nonlinear element F(x) or F(x, px). The differential equation of the closed-
loop control system is like equation (6.139) (Popov and Pal’tov, 1960; Petrov et
al., 1967, Netushil, 1983; Cook, 1986):

A(p)x(1) + B(p)F (x, px) = A(p) - /(1) (6.160)

%See equation (6.109) for x% = 0.
10Note the existence of Fierip > 0 in this example even though it seems from Fig. 6.24 as Fyei = 0.
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x? is the nonoscillatory component of the periodic solution—the shift of the
center of forced oscillations caused by the asymmetrical nonlinear characteristic
yn = F(x, px).

From (6.142), (6.160) and (6.162) follows the harmonically linearized differ-
ential equation of the system:

0 * 0 * Q * Fv sin ¢ *
A(p)x"+x*)+B(p) |F" +Px* + vax] —A(p)Xm [cosq) ~ plx
(6.166)
As with the procedure for determining parameters of asymmetrical self-oscilla-
tions, the solution of the system (6.63), (6.64) and (6.166) gives the equations
for determining the nonoscillatory x%(¢) and periodic components (X,, and @) of
asymmetrical forced oscillations (6.161):

A(p)x" + B(p)F*(x*, X, ) = 0 (6.167)
£ (o= 250) 400 () <
A(p)—A(p)— | cos¢ ——p | +B P+ = x*=0 6.168
404 (coso - 520 ) +800) (P 2 (6.168)

respectively:
A(0)x° + BO)FO (x°, X, 0,) = 0 (6.169)
x, AU+ Bjoy) (PG, X, @) + JOO X, )] Fei®  (6.170)
A(jw,)
Im
Xm
F,
0 N Re
N TRY e
S ¢ ) 0 0

x%= const.

(a) (b)

Figure 6.25: Graphical procedure to determine the parameters of asymmetrical
forced oscillations: (a) graphical solution for X,, given by various x° = const., (b)
plot of X, = X,,(x°) obtained from procedure in (a).
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Im &
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@,
Xm = Xml
p
1 “
GN (X mo wv)
(DVT G,(jw)

Figure 6.27: The determination of X, (w,).

grapho-analytical determination of resonance frequencies w,; and w,,, the equa-
tion (6.172) is rewritten as (Tsypkin, 1977):

F,e /o= 3 1
XmGN(Xm7wv) GN(Xm,wv)

For grapho-analytical solution of (6.173), the frequency characteristic G, (jw,)
and —Gy' (X, ®,) have to be drawn in the complex plane [U, jV], see Fig. 6.27.

On the graphical display of —Gy' (X, ®,) the point X = X,, is determined.
This point is the center of the circle with radius:

=Gr(jo); © = ¢ (6.173)

V=

(6.174)

Fve_qux I . Fv
XmGN(vawv) XmlGN(XWHwV)I

For different values X, = X, respective circle radii are determined using (6.174).
A circle with radius r; and center at X}, = X,,; is drawn on —G;,' (X, @,). At the
points of intersection of the circle and the frequency characteristic G, (j@,) the
frequencies @, = w; and ®, = w, are read out, with corresponding amplitude
Xm = Xy I the obtained frequency characteristic has properties as shown in Fig.
1.6, the appearance of resonance jump is possible in the system. By increasing the
frequency w, > @, the amplitude X,, very rapidly increases, and by decreasing
the frequency @, < w,;, the amplitude X,, suddenly decreases!! Analogous to

' The frequency characteristic X,,(®,) can also be determined with the procedure described in Sec-
tion 6.2.1, Fig. 6.20.
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Figure 6.30: Qualitative display of frequency area where resonance jump is pos-
sible.

For different values of X,, = const., the family of curves in complex plane
[U(ay),V ()] is obtained. The area in which resonance jumps of amplitude
Xm(,) can occur is determined by the envelope of the family of circles. Para-
metric equation of the envelope is obtained by solving the system of equations:

N<Xma a)v) = 0
dN X, ) _ o (6.184)
dXm

From (6.181) and (6.184) it follows:

2
P (24 + X B8 + F2 (P+Xn fE)

vlen) =~ dP dzp dp ar\?
: (6.185)
dP dP dP d*P
_Xmm\/m (Zm +Xmm)
V(w,) ==

2
2
P2 (24 + X 55) + 2 (P+Xn fE:)

The qualitative graphical display of the envelope (6.185) is shown in Fig. 6.30.
The condition of occurrence of resonance jump of forced oscillations X, (®,)

is that the envelope 4 intersects with the characteristic G, (jw). From Fig. 6.30

it can be concluded that the resonance jump is only possible for the part of linear
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A F( x)

Figure 6.31: Static characteristic of the nonlinearity in Example 6.7.

characteristic G;; in the area (@,, @), while for the part G;> the conditions for
occurrence of resonance jump are not fulfilled.

Analogous to presented procedures for the analysis of the resonance jump,
different analytical and simulation procedures are also used.

EXAMPLE 6.7

For the system on Fig. 6.26, determine the frequency characteristic Xp(®,) and
conditions for the occurrence of resonance jump. The static characteristic of the
nonlinear element is shown in Fig. 6.31, and the linear part of the system is given
by following transfer function:

K 200

GLls) = s(s+1) - s(s+1)

The system is subjected to harmonic input signal F, sin @,t = 20sin @y!.

Solution. The system equation, according to (6.172), is:

X1+ GL(j®,)GN (X)) = Fe™/? (6.186)
K K K
GL(jw,) = =~ —J =U(w)+jV
L(jev) oot ) rol Joito) () +jV(wy)
(6.187)
Substituting (6.187) into (6.186) yields:
Kw,+ jK -
X | 1 = ——L<Gn(Xy) ) = Fe™/®
(1 SO =Fe
Le.:
X (1% Gn(Xp) | = Fycos (6.188)
m 1+C03‘ N\Am =Ly (% .
XK
= Gn(Xm) = Fysin @y (6.189)

ay(1+ @?)
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From (6.188) and (6.189) the expression which determines the frequency charac-
teristic of difference signal X,,(®,) is obtained:

Xl = il (6.190)
K2G%(Xm)
\/(1 - TﬁgGN(Xm)) + o rel
K
¢, = arctan Gy (Xm) (6.191)

ov(1+ @f) = KGy(Xn)
The describing function of nonlinearity in Fig. 6.31 is:

b2
X2

m

Gy (X)) = P(Xy) = 72t <arcsm; Xl,) 1— ) Xm > b (6.192)

To determine the frequency area where the occurrence of resonance jump is pos-
sible, the members of parametric equation (6.185) have to be determined. From
(6.182) it follows:

dP_4b b —X1

—=— 6.193

dXm T X3\/XZ b2 ( )
P 2X2 - 3b°

d = i‘é_i___?b_ (6.194)

dX% T m X4 /XE B
From (6.192), (6.193) and (6.194) for b = 2 we obtain:
2 2 2X:—4
P(X,,) = = | arcsin— + ——Z2—
=2 o )
dP 8 4-X2
dXm TX3\/X2—4

d’p 8 2X2-12

AxX; T XA XE—4

ie.:
dp 2p -
24Py P8 (4)
dX, dxz;  mx3\ /X2 -4
dP 2 2 4 4-X2
P+ X, —— = —arcsin— + —

de 9 Xy @ Xr%( —4
From (6.187) for K = 200 we obtain:

200 200 U3
Ue 200 e LU -200
B o1+ ) U+2000 ~ "















Chapter 7

Harmonic Linearization in
Dynamic Analysis of
Nonlinear Control Systems in
Tracking Mode of Operation

Harmonic linearization used for dynamic analysis of nonlinear control systems in
tracking mode of operation will be covered in this chapter. This mode of operation
is common for electromechanical servo systems, guidance and control systems of
moving objects (airplanes, ships, underwater vehicles, etc.) and in any control
task where change from one to another operating point has to be made in a desired
way. Contrary to control systems working in stabilization mode, in tracking tasks
oscillations are not allowed and should be eliminated if possible. If this is not
possible, as is often the case, then they should be used for improving the behavior
of a control system. This is treated in the first part of the chapter, where vibrational
linearization is used for this purpose. However, there are situations where external
disturbance is a harmonic signal or can be approximated by the harmonic signal.
How to analyze those systems is dealt with in the second part of the chapter.

7.1 Vibrational Linearization with Self-Oscillations

Established self-oscillations in nonlinear control systems can be used to change
the static properties of the nonlinear element and thus to obtain the desired behav-
ior of the control system. Such an application takes place in control systems when
the reference signal is changing slowly in relation to the frequency of established
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By graphical or analytical means, the amplitude X}, and the frequency @ of
self-oscillations can be found as functions of the non-oscillatory (nearly constant)
component x°(¢):

X = X (x0); 0 = 0(x) (7.10)

By inserting (7.10) in the expression for the coefficient of harmonic lineariza-
tion for the non-oscillatory component of the Fourier series F 9%, X, o), the
smoothed static characteristic can be written:

FO(x° X, 0) = D(x°, X, @) (7.11)

When (7.11) is put into (7.1) and the derivative operator p is substituted by com-
plex variable s where s is fixed to s = 0, the equation for determining the non-
oscillatory component of the shift of the center of self-oscillations x0(¢) is ob-
tained:

A(0)x° +B(0)D(x?) = M° (7.12)

where A4(0)7(0) ~ M° ~ const.

We can say that if the nonlinear control system has self-oscillations, then a
slowly changing component of the signal at the input to the nonlinear element
x°(t) represents the reference signal of the nonlinear closed-loop contro! system
(r(t) ~ x°) with established self-oscillations x = X, sin @f. From (7.11) can be
concluded that the nonlinear characteristic yy = F(x, px) is transformed due to
existing self-oscillations into a new characteristic, &(x°, Xy, ). According to
(7.11), ®(x°, X;,, ®) is dependent on the reference signal r(t) ~ x? and also on
the amplitude X,, and the frequency of self-oscillations . This can have a strong
influence on the dynamic properties of the system. The nonlinear element with the
nonlinear static characteristic yy = F(x) will be transformed due to established
self-oscillations into a new static characteristic ®(x°,X,,) which is not dependent
on the frequency of self-oscillations.

Thus, for example, if at the input to the nonlinear element of the type saturation
(Fig. 7.2) acts a signal x(¢) = x% +x*, the static characteristic of the type saturation
will be dependent on the amplitude X,, of self-oscillations. By expansion of the
nonlinear function F(x) in a Fourier series (see (7.3)), the following is evident:

1. The constant component? in the series FO = ®(x°, X,,, @) is not a function
of frequency, as the nonlinear element is without inertia (saturation), so we
have FO = ®(x°, X,,);

2. The constant component Fj is a consequence of the existence of dc compo-
nent x°(¢) at the input of the nonlinear element;

2 A slowly changing component.
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F? Foﬂk
X =
._.¢(x0) m
21\ =1.25
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¢ X, =2
Py 0 /‘ 1 x -
/
-7 X, =3
>

Figure 7.2: (a) Nonlinear static characteristic and (b) smoothed static characteris-
tic of saturation.

3. Due to the self-oscillations x* = X, sin ¢ at the input of the nonlinear
element, the constant component 7O will depend upon the amplitude of
self-oscillations X,;

4. The constant component can be written as:

2n
FO= -—1—/ F (X% 4+ Xy siny, Xy cosy) dy
2w Jo
where ¥ = ot. With increasing amplitude of self-oscillations Xy, F° O will
deform in the direction of decreasing gain in relation to the gain of the
linear part (see static characteristic of saturation in Fig. 7.2a). It holds
tan oy < tan o (where a is the slope of the straight line of nonlinear static
characteristic of saturation in the linear part around the origin).

The smoothing effect of the nonlinear static characteristic is achieved because
the input signal to the nonlinear element contains also the harmonic component
x* (self-oscillations). This is called vibrational smoothing (or lubrication) of the
nonlinearity. Vibrational smoothing here is the consequence of self- oscillations?.

The function ®(x°, X,,) is called the smoothed static characteristic of the non-
linear element (Fig. 7.2b). It is obvious that the existence of an oscillatory signal
is essential to achieve this effect. Whether vibrational smoothing of a nonlinear
static characteristic of nonlinear element is achieved by injecting a dither signal
or by already established self-oscillations is not important. It is essential to get
the oscillations at the input to the nonlinear element, since only then such effect

3In this case, the role of a dither signal now has the input signal x* at the input to the nonlinear
element, which oscillates with frequency () of self-oscillations, so the same effect as with a dither
signal is obtained, namely dynamic lubrication (see Section 4.1.3).
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Figure 7.3: Effects which harmonic inputs produce on nonlinear element of type
dead zone (a), of type backlash (b) and smoothed static characteristic of nonlin-
earity (c).
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center of these self-oscillations x° influence all dynamic properties of the sys-
tem Ky (X ), P(x%, X, @), Q(x°, X,, ), the presented general approach must be
worked out in detail for the specific methods of analysis and synthesis of the con-
sidered class of systems.

It is also necessary to emphasize that the setting of Ky by partial differentiation
of the function F° with respect to x? is not always allowed. Namely, the function
FO depends on three variables %0, X,, and @. In their part, the variables X,, and
o depend on the shift of the center of self-oscillations, i.e. Xy = Xnm (x ) and
o = w(x"). However, the gain Ky of linearized smoothed static characteristic
obtained by self-oscillations at the input to the nonlinear element is found by
expression (7.16) when the nonlinear static characteristic is not odd symmetrical.

As an example, for smoothed static characteristic @(x°) in Fig. 7.4c and 7.4d,
the linear differential equation (7.22) is:

A(p)Ax + B(p)KnAx® = A(p)Ar(t) (7.23)

where:
AL =x" =0 Ar(e) =r(t) — 12 (7.24)

From (7.23) and (7.24), the determining of x%and #? results in:
A(0)x% + B(0)Knx2 = A(0)r (7.25)

where Kyx2 = F2 = ®(x).

Table A.3 in Appendix A includes expressions for gains Ky for some typical
nonlinear elements.

The phenomenon of vibrational linearization (smoothing of nonlinearities), or
linearization of the smoothed static characteristic ®(x°), to a large degree facili-
tates the dynamic analysis of nonlinear control systems with complex structures.
For example, the simplified block diagram of airplane course control in Fig. 7.5
comprises the nonlinear servo system for the vertical rudder located in the air-
plane’s tail. This servo is realized with a relay, power amplifier, the driving motor
and additional feedback loop.

In the system in Fig. 7.5, the nonlinear rudder servo subsystem for controlling
the vertical® rudder at the airplane tail can be analyzed by vibrational linearization,
i.e. by the method of smoothing the relay characteristic by self-oscillations.

A sufficiently high frequency of self-oscillations can be achieved by the cor-
responding choice of a system’s parameters or by introducing a compensator. The
intention is that the amplitude of self-oscillations of signal u(¢) is sufficiently
small to prevent the oscillations of the rudder as well as the oscillations of the
airplane around its center of gravity.

4A similar control system is also used for ailerons (horizontal rudders in airplane’s tail, to control
the pitch of the aircraft).
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Figure 7.6: Block diagram of a nonlinear closed-loop control system in tracking
mode of operation.

systems in tracking mode of operation should not oscillate. However, for non-
linear control systems this is often their natural behavior and self-oscillations are
common. What remains at our disposal to counteract that is to force the control
system toward oscillations of desired frequency (forced oscillations). Analyzing
nonlinear control systems in tracking mode of operation, which is at the same
time forced to oscillate with tolerable frequency of forced oscillations, will be the
prime topic in the following text. The block diagram of a closed-loop nonlinear
control system in tracking mode of operation with applied forcing harmonic signal
S2(t) is given in Fig. 7.6.

The dynamic behavior of a closed-loop nonlinear control system in tracking
mode of operation with established forced oscillations is described by the fol-
lowing differential equation (Bessekerskii and Popov, 1975; Solodovnikov, 1969;
Petrov et al., 1967):

A(p)x(t) + B(p)F (x, px) = S1(p) f1(t) + S2(p) /2(1) (7.26)
where:

f1(1) is the slowly varying reference (or disturbance) signal with respect to the
frequency of the forced oscillations w,,

f2(t) is the external periodic excitation signal (forcing harmonic signal) of the
form:

Sf2(t) = Fysinont (7.27)

Si(p),S2(p) are the signal conditioning polynomials.
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where xU is the unknown parameter.
Amplitude X, (x?) from (7.33) substituted into (7.29) gives:

A(p)x® +B(p)®(x°) = Si(p)fi(t) (7.34)

where:
FO=F'(x° X,,(x°), 0,) = ®(x)

is the smoothed static characteristic of the nonlinear element. The smoothed static
characteristic of nonlinear part of the system ®(x°) is a new nonlinear characteris-
tic for the nonlinear control system which sustains forced oscillations (vibrations)
with the frequency w,.

Since any nonlinearity (dead zone, backlash, hysteresis, etc.) is smoothed by
established forced oscillations, the new nonlinear characteristic F(x°) as a smooth
function can be linearized by the tangent or secant linearization methods (see Sec-
tion 3.1):

do
(D(xo) = KNxO; Ky = <d—6> (7.35)
X7/ x0=0

Similarly to the presentation in Section 7.1 for uneven symmetrical nonlinearities
yn = F(x), a simpler linearization method is applied:

dF°
Ky = <W>X0=0 (7.36)

1.e. in the above-mentioned cases the signal gain at the input to nonlinear element
Ky can be found directly by partial differentiation of the first coefficient of the
Fourier series F* = (x,X,,):

IF?°
= (5 ) ., =000

without determining smoothed static characteristic ®(x°), i.e. it is sufficient to
find the amplitude of forced oscillations for x° = 0.

The general procedure to find smoothed static characteristic ®(x°) and X;, (x°),
1.e. the dependence of the amplitude of forced oscillations (vibrations) at the
input to the nonlinear element upon a slowly varying signal at the input of the
nonlinear part of the closed-loop control system, is of a great practical interest
and characterizes only nonlinear control systems.

Linearization of the smoothed static characteristic (D(xo), i.e. determining
Kn(Xon) from (7.35) or (7.36), the nonlinear differential equation of a closed-loop
control system with forced oscillations present becomes a linear differential equa-
tion:

[4(p) + B(p)Kn)x* = Si(p) /(1) (1.37)
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3. High-frequency vibrations are forced directly to the nonlinear element and
are filtered out by the linear part of the system (vibrational smoothing of
nonlinearity).

Case 1. The equation for finding the amplitude of the forced oscillations results
from (7.32):

VB (@) + 2 (@)

RZ(®,) + I3(w,t)

Xy = F, (7.39)

where Rs,, R4, Is,, 14 are real and imaginary parts of S (jw,) and A(jw,), re-
spectively. The value of X, is determined from (7.39); it depends upon the system
parameters, the form of nonlinear static characteristic and the parameters of forced
oscillations, and is not dependent upon x°. Coefficient Ky is sought in the tables,
in such a way that the calculated value of X, is inserted into expression for Ky of
a given nonlinear element.

Case 2. In accordance with equations (7.29) and (7.30), the dynamics of nonlin-
ear system (7.26) can be described by equations:

A(p)x®+B(p)F* =S1(p) fi(t) (7.40)

A(p) +B(p) (P+ %a) 5 = $:(p)f2(0) (7.41)

The block of that part of the control system which damps the forced oscillations is
excluded from (7.41), so the equation for the oscillatory component of the system
has the form:

A () +By(p) <P+—a%p> % = S5, () al) (7.42)

From (7.42) and (7.32) results:

\/R?(Xm,tov) +112(Xm,wv)F

= (7.43)
\/RszlAz(wv) +1, (o)

Coefficient Ky(X,,) is found in the same way as in the case 1.

Case 3. An external vibrational function (forced harmonic signal) acts at the
input to the nonlinear element:

S2(t) = Fysinwyt;

(7.44)
Xm =F,; ¢ = 0,
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x1 = (K + Kop) [f1 (1) + fo(2) — ©] (7.46)
(hp+1)pbe =yn =F(x); x=x1 —x3 (7.47)
X3 = K38€ (7.48)

The described control system can be analyzed by a simplified procedure, as the
linear part of the system practically damps the oscillatory component of external
disturbance with frequency w,. So, the high-frequency component Y, sin 100t at
the output from G,(p) component will be attenuated by a factor of 800:

YN o IN  IN
W, w2T22+1 10064 800
v

Fvae = iGZ(Ja)v)b}N = (7.49)

and has practically no influence on the input signal x of the nonlinear element.
The amplitude of vibrations at the input to the nonlinear element X, =~ X,

x3 =~ 0:
Xp =F\/K?} + K30 (7.50)

The equation for the subsystem (7.47) in the presence of external vibrations is:
(Top+1)p8, = Kyx" (7.51)
where (Table A.3, Appendix A):

2K ., ¢

Ky = —si 7.52
N = —sin T (7.52)

The differential equation of the system for the reference signal—slowly varying
component at the input to nonlinear element is:

[A4(p) + B(p)KN]x" = 81 (p)£i (1) (7.53)
The characteristic equation of the system (7.52) is:
Ass” +Aas’ + 438 + 25" + Ays+ Ao =0 (7.54)
The stability conditions from the Hurwitz criterion are:
As>0;, 44> 0; A3>0; A2 >0; 4, >0, 49 >0
AsAz —AsA2 >0 (7.55)
(4443 — Asda)(A241 — A3A0) — (Aad) — AsAg)* > 0

In the third equation in (7.55), numerical values of the system’s parameters will
be inserted and the condition for the stability of the system H(Ky) follows:

H(Kn) = Ky — 14,2K% +6,51Ky > 0 (7.56)
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Figure 7.8: The stability boundary of a nonlinear system—Example 7.2.
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Figure 7.9: Stability region in parametric plane.

A possible graphical plot of H(Ky) is given in Fig. 7.8.

All the stability conditions (7.55) follow from (7.56), and are satisfied for Ky >
13.7. The maximum allowed value of forced oscillations (vibrations) at the input
to the nonlinear element is obtained from (7.52):

b
Xn = —g— (7.57)
sinmin e
for K =tan™"'(c/b) = 80, b =0.5; Knmin = 13.7 follows that X,, = 1.87.
The maximum allowed value of external vibrations f>(t) is:
X
- =0,047 (7.58)

FVmax =
K+ K o?

The system stability region in the plane K3, Kn(X,,) is qualitatively shown in Fig.
7.9. u
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In general, from the characteristic equation of the linearized closed-loop control
system (e.g. equation (7.54)), and with help of the Hurtwitz (or similar) stabil-
ity criterion, it is possible to design the regulator. For the presented example it
follows that knowing the stability conditions (7.55) and the stability region in the
parameter plane (Fig. 7.9) it is possible to define Ky and K3. Parameter Ky can
be expressed as Ky = Ky(F,). Knowing F, allows us to find the corresponding
autopilot parameters K| and K.






Chapter 8

Performance Estimation of
Nonlinear Control System
Transient Responses

Estimating the performance indices (‘damping’ and ‘frequency’) of time-invariant
nonlinear control systems, operating in stabilization mode, is not easy because
performance indices are time-variant, contrary to time-invariant linear control sys-
tems. Performance diagrams of nonlinear control system transient responses, plot-
ted in a system’s parameter plane and presented in this chapter, can significantly
improve our capability to estimate nonlinear control system performance and de-
sign nonlinear control systems with desired performances.

Performance of a control system can be analyzed through performance indices
which are various indicators of the quality of dynamic response of the control sys-
tem. The zero-input response (transient response! in the following text) is usually
used for evaluating the dynamic performances of a control system in the stabiliz-
ing mode of operation. However, for control systems in tracking mode of opera-
tion the zero-input response is not adequate for that purpose because the transfer
function zeros? are also very important, because they define not only dynamic
behavior of control system, but also the tracking capability of the control system
(accuracy of tracking the reference signal and filtering capability of disturbances).
Conventional approaches to control system analysis and design use the following

" The term transient response will be used instead of the zero-input response. Note however that in
linear system theory definitions of zero-input and transient response differ, i.e. the transient response
is part of the response which decays with the time, while steady-state response is part of a response
which persists indefinitely. On the contrary the zero-input response is a response to initial conditions
only (no excitation or external signals are acting on a system).

2For linear SISO control systems.
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damped oscillatory transient response in the vicinity of a periodic solution is car-
ried out either by numerical procedures or with approximate graphical or analyt-
ical procedures. Of paramount interest for engineering practice are approximate
procedures which enable a relatively simple determination of the influence of pa-
rameters on overall dynamic performance of the nonlinear control system. In
these cases the characteristics of a damped oscillatory transient response is eval-
uated similarly as with linear systems: by overshoot, damping, settling time, the
period of oscillations, etc.

Transient response of unforced nonlinear closed-loop control system (see Fig.
1.2) is defined by the solution of the nonlinear differential equation of the nonlin-
ear control system:

A(p)x+B(p)F(x,px) =0 (8.1

The damped oscillatory transient response x(¢) in the vicinity of a periodic so-
lution — provided that the system undergoes harmonic linearization — can be
determined sufficiently accurately by the analysis of dominant poles. In order to
find x(¢) in the vicinity of a periodic solution, nonlinear differential equation (8.1)
is approximated with the linear second-order differential equation®:

d*x(t) dx(t) 5

74‘2}!7 +c x(t):eF(x,px) (82)
where € is a small parameter, while the frequency of the periodic solution, in
whose vicinity is sought the transient response, is given by:

wg =\ c2—h? (8.3)

The solution for the nonlinear closed-loop control system®* (signal at the input
of nonlinear element) (8.2) is based on the fact that all higher terms in the series
(because of small parameter €) can be neglected in a first approximation (Petrov et
al., 1967; Solodovnikov, 1969; Popov and Pal’tov, 1960; Pal’tov, 1975; Netushil,
1983):

x(t) = a(t)siny(t) + £ (a, w) + 2@ (a, w) + ... (8.4)

Since the amplitude a(r) and the phase ¢(¢) are time-varying quantities, they must
be expressed as if they were dynamic processes:

dc;—(tt) = —ha(t)+£Q)I(a)+82®2(a,u/)+... (8.5)

3The assumption is that the dominant dynamics is oscillatory, i.e. the nonlinear control system can
be approximated by a linear system of second order. This assumption must always be kept in mind,
since the aforesaid condition may not always be satisfied.

It must be noticed that the solution is sought in the form of a harmonic signal, under the assumption
that oscillations exist. If they are absent, it is normally anticipated that the solution form will be
different.
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In contrast to linear control systems, these indicators are time varying in non-
linear control systems. Combining (8.3) and (8.7), (8.8), (8.9), slowly varying
parameters of the transient response are at the input to the nonlinear part of the
system:

E(t)=~h+
o(t)=wy+¢€ bi{a) (8.11)

ed(a)
e (8.10)

where {(t) is ‘damping’ >—a slowly varying quantity and () is ‘frequency’ ©
—a fast varying quantity. From (8.7) and (8.10), the solution for the variable x(¢)
is sought in the form:

x(t) = a(t) sin y(t) (8.12)

From (8.8) and (8.10) follows the change of amplitude of oscillations of nonlinear
control system:

da

—_—= 8.13

2 = ag(n) (8.13)
From (8.13) follows that the envelope of oscillations of nonlinear control system
transient response x(¢) will be:

—&(n)at

a
and consequently
a(t) = aoef(; g(’)dt

So, this envelope consists of elementary exponential segments with continuously
changing ‘damping’ {(¢) (Fig. 8.1).

Equation (8.13) shows also that the oscillations of the nonlinear control system
transient response will be damped’ for { < 0 and increasing for { > 0:

damped oscillations : %? <0,for{ <0 (8.14)
. . _— da
increasing oscillations : o >0,for{ >0 (8.15)

When § = 0 the oscillations are not decaying nor increasing, i.e. we have self-
oscillations

da
dt

>Here damping is quoted because it is the term borrowed from the linear theory.

6Frequency is also the term borrowed here from the linear theory.

"Note that for linear system transient response damped oscillations exist only for 0 < § <0.707
and the response is unstable for { < 0. This fact clearly shows that damping ratio { = const. for linear
system is something else than the time-varying ‘damping’ {(r) for nonlinear systems, although both
give us an indication of damping in the system.

increasing oscillations : >0,for{ >0 (8.16)
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where in the general case for the nonlinearity F(x, px):
P=Pa, 0); 0= 0l 0) (8.23)
and for nonlinearity F{x):
P =P(a); Q= Q(a) (8.24)

Determining the damped (or expanding) oscillatory transient responses in a har-
monically linearized control system is carried out by determining the dominant
poles p = { + jw of the characteristic equation (8.22):

D+ jo) = AL+ jo) +B( + jo) (P(a,,0) + 0(a, ¢, 0) SHI2=E
@

=0
(8.25)
By expanding (8.22) in a series, the characteristic equation becomes:
. D\ . 1 (d*’D\ .
D(+jo)=D()+(— | jo+s (=] (w)+...
(8.26)

1 /d"D . \n
+— — | (Jo)" +...
n! \ dp ¢

Subscript { of derivations of D indicates that it should be inserted for p after
differentiating D with respect to p in the vicinity of periodic solution { — 0, since
all the higher terms of { can be neglected.

With (8.26) rearranged:

D({+ jo)=R(a,{,0)+ jl(a,{,0) =0 (8.27)

By equating the real and imaginary parts of the characteristic equation D({ + jw)
with respect to p in the vicinity of periodic solution { — 0, the system of equations
is obtained:

Di({ + jo) = R(a,5,0) =0

Dy(§ + jw) =1(a,{,0) =0 (8.28)

By solving the system of equations (8.28), the solution for ‘damping’ and ‘fre-
quency’ as functions of the amplitude of oscillations is obtained:
o = o(a); § ={(a) (8.29)

From (8.28) for { = 0, the amplitude a(¢) = X, is obtained, as well as the fre-
quency of self-oscillations. The approximate form of the oscillatory transient re-
sponse can be found from (8.29). By satisfying the initial amplitudes a(t) = aq
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Figure 8.2: Block diagram of a nonlinear servo system in stabilization mode.

Harmonic linearization F; (x) for x(t) = a(t)siny(t) is:

4h
P = —l; Ui :Pl(a)-x
Ta

and the harmonic linearization Fy(u3) for uy = ay(b)sin(y+ @)

4/12 C
P - — —_{ — 2. = .
2= 1—( az) s ug = Py(az) - u3

From: X K
1 2
—P(a . P (a
l()(T1p+l) Tr D) ) (a2)

KK
340

we obtain:

(1 L KKKKP () P (a2) ) =0 (8.34)

p(Tip+ 1) (hp+1)
and the characteristic equation of the harmonically linearized system is.

TGP + (T + B)p* + p+KPi(a) - Py(ay) =0 (8.35)

where K = K1 K> K3Ky4. The amplitudes of oscillations at the inputs of nonlineari-
ties Fy and F, are coupled by the relation:

4h 2K3K.
Y (_C.> 374 (8.36)
usz ta ar p

Inserting p = C + jo in (8.36):

Bl _a_4r 1(_>_1<L_ @37
sl @ map a Ot w? '
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from which the equations for the real and imaginary parts follow:

Di(L+ jw) =R(ci,{,0) = —3{0? +c1 (P —0*) + 2l +c3=0

(8.40)
D2(C+Jﬂ)) :1(01’7C7w) = 342w—w3+012§’a)+czw =0

If the first equation is rearranged and the second divided by w, the following set
of equations is obtained:

C+all+el+a=0*B+c) (8.41)
38240120+ = @? (8.42)

Substituting 8.42 into 8.41 gives:

C+al?+el+e3=90349102+ 23 +3c28 + 1

or:
8C3 +8c1L2 +2020 +203L = 2048 +4cil +er+A) =3 —ci2
and further:
C= Aers0rral G5
Now we shall transform (8.41) into the following form:
O hell+erl+eo=0*Q20+c)+ 0’ (8.44)

Substituting the term (8.42) for the last right-hand member yields:

O4eil+el+ea=0* 20 +e)+ (38 +c128 +2)¢
C4al’+al+ea=0?Q0+e)+38 +ei128? + el

or.
0?2 +en) 28 +a1lP ey = 0?20+ o) + L (20 +c1) —e3 =0 (8.45)

and further:

2 c3 2
W = - 8.46
Cl +2C g ( )

The dependence of indicators for damping and frequency with respect to the am-
plitude of oscillations is illustrated in Fig. 8.3. ]
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From (8.50) and (8.47) the harmonically linearized differential equation results:

2
[p2—u<1—%>p+1+%azc]x=0 (8.51)

with the roots of the characteristic equation.

2 2 2\ 2
Al,zzcijwz-‘f(1—a—>ij\/1+ﬁa2g—‘—‘—(1—“—> (8.52)

2 4 2 4 4
where: R
K _E
= > (1 4) (8.53)
2 doo, p? @\’

For § =0, the periodic solution (self-oscillations) is obtained from (8.53) and
(8.54):
a=X,;=2

and from (8.54), since { =0 when a = 2:
w=1ie w=1
Further, (8.53) and (8.32) yield the envelope of the transient response:

’:a[ag?afao/ g(T_T):E‘/_@d?T

a0

2 2
= l <ln a 57— In % 5 >; ie. (8.55)
u |4 —a?] |4—a0
2(10
Va+(a—a)en

The derived solution by the method of harmonic linearization corresponds to the
solution of the Van der Pol equation, for |L = € as a small parameter. ]

8.2 Performance Diagrams of Nonlinear System
Transient Responses

The indicators of the performance of an oscillatory transient response can be con-
veniently found by means of the performance indices diagram of E. P. Popov,
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Figure 8.5: Transient responses of a nonlinear control system: (a) damped oscilla-
tory, (b) damped oscillatory ending in self-oscillations, (c) increasing oscillatory
ending in self-oscillations
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Figure 8.6: Diagram of performance indicators of a servo system from Example
8.3.

The frequency’ @ = w({) is found from the second equation (8.61):
w? =302426.70 +33.3 (8.62)

From (8.62) and the first equation of system (8.61) it follows that { = {(K):

0.248% +3.28% 4127 +13.3 = KGy(a) = 0, (8.63)
where:
7.64 0.01
Gnla) = —— /1 - — (8.64)
a a

From (8.64) it follows that the transient response is possible for a > 0.1. The per-

Jormance indices diagram can be appropriately drawn by determining parameter
K from (8.64):

1 3 2
K e (0.248° +3.28% +12.7¢8 + 13.3) (8.65)
By inserting { = const. in (8.65) and by varying a within the boundaries 0.1 and
0.5, the performance indices diagram ensues (Fig. 8.6). The curves of constant
values of frequency in the plane (a,K) coincide with the curves for { = const.
According to (8.62), the values of parameter @ for { =0, { = —1 and { = +1
arew =3.1[s7'], ®=5.77[s"") and w = 7.94[s™ ), respectively.

From the diagram in Fig. 8.6 follows that for K = 0.2 the transient response
is damped until a < 0.1 with arbitrary initial conditions, i.e. when the difference
signal becomes smaller that the dead zone. For K = 0.5 (dashed line), with any
initial conditions, if a > 0.105 self-oscillations with the amplitude ayy = X,, = 0.27
and the frequency @y = 5.77s~" are established. If the initial deflection is within
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Figure 8.8: Diagram of performance indicators for transient response of a nonlin-
ear servo system—Example 8.4,

The first equation in (8.67) and (8.68) make it possible to find a(K3):

4hK, 1
- Ki—-T=+2¢)Kk 8.69
“ nf(C)[' ‘(Tz“:) 3] (8:69)
where:
_h+D (11 + D) 2 3
f(C)_—-Tl_Tz—+2 1+T C+8(N+ 1) 5 +8NTh¢ (8.70)

From (8.69) and (8.70), the lines for { = const. in the plane (a,K3) are drawn
Sor the amplitudes from equation (8.69). By means of (8.68), (8.69) and (8.70),
the curves for @ = const. are drawn in Fig. 8.8). From Fig. 8.8) it is seen that
above the line § = 0 are lines with { < 0, and below are lines with { > 0. This
means that for K3 < K,, the transient response will be oscillatory with damped
oscillations. n






Chapter 9

Describing Function Method
in Fuzzy Control Systems

Fuzzy control is an extremely successful application of fuzzy sets and systems
theory to practical problems. The reason for that can be sought in theoretical and
practical success stories of this approach. A good engineering approach to control
of various plants is an effective use of all the available information. Often this
information comes not only from the plant sensors, but also from the mathemat-
ical model of the plant and human expert knowledge about the plant operation.
Experts provide linguistic descriptions about the system and control instructions.
Conventional controllers cannot incorporate the linguistic fuzzy information into
their design. A majority of them need an appropriate mathematical model of the
system. Contrary to them, fuzzy control is a model-free approach which heavily
relies on the expert linguistic fuzzy information. Fuzzy control provides nonlinear
controllers which are general enough to perform any nonlinear control actions. In
this chapter the basics of fuzzy logic and fuzzy set theory upon which the fuzzy
control is formed are briefly shown. Our goal was not to be exhaustive but infor-
mative enough for the reader to be able to understand the basics of this prospective
field. Due to the fact that this book is dealing mainly with the frequency methods
for nonlinear systems, we presented in this chapter application of the describing
function method in fuzzy control systems. It is shown that it is possible to obtain
the describing function of the particular type of fuzzy element and consequently
use stability analysis. Moreover, it is shown that a fuzzy element can diminish
or even eliminate the resonance jump which can exist in a nonlinear system and
aggravate effects during operation.
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certain sets may exclude each other and the percentage sum of particular parts
may exceed 100%.

This fuzzy set theory became very popular 25 years later. The fuzzy property
of determining real objects and systems with an absence of absolutely defined
borders is widely applicable, particularly with complex objects and systems where
classical methods cannot be used or when their application is very demanding.

Fuzzy control is particularly important for automatic control systems because
1t plays an important role in the area of fuzzy systems.

The original definition of fuzzy sets according to L.A. Zadeh (1965) is:

Fuzzy set 4 defined in the set X is characterized by the membership
function (characteristic function) pt(x) which attributes to each ele-
ment x of the set X a real number in the interval [0, 1], with the value
1 (x), where t(x) represents the degree of the membership of the el-
ement X to the set A.

The basic problem of fuzzy set theory practical realization is how to determine
or choose an adequate membership function. In his article, N. Nakajama (1988)
says:

Unfortunately, as a matter of fact, there are neither theoretical nor
empirical methods for determining function membership.

As opposed to probability which is objective (can be proved experimentally),
membership degree is subjective, although the intervals, when they both appear,
overlap.

Given principles enable the use of fuzzy set theory in mathematical procedures
of not completely known systems. These are systems for which it is difficult
to determine a good enough simple mathematical model (make comparison with
the principle of compatibility). Usually such systems are processed by means
of probability theory. Fuzzy set theory with the probability theory opens new
possibilities here.

Whether we are strongly critical or enthusiastic, it is obvious that the fuzzy
concept offers something new. It offers wider possibilities of empirical and verbal
description regarding control and regulation strategy within automated industrial-
ized systems, particularly complex ones.

9.1.2 Fuzzy Sets Fundamentals

Fuzzy sets represent the fundamentals of fuzzy theory. In control technique they
are used mostly for mathematical process description with language rules of the
following forms:

IF premise, THEN conclusion
in which language variables are used, e.g.:
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A(x) A
H A(xl) "frost"

HA(x)

— »

210 -5 0 45 +10  x[°C)

Figure 9.1: Crisp set A membership function 1.

A(x) A
Ha(x)
1 4

i »
— »

210 -5 0 +5 +10 x[°C]

Figure 9.2: Fuzzy set 4 membership function.

elements x in set 4 is not crisp anymore, because the expression “cold” is a fuzzy-
soft term and the temperature x may be higher or lower than 0[°C]. Fuzzy area
is described by means of continuous membership function p4(x). Continuous
membership function for the above example is presented in Fig. 9.2.

By using the continuous membership function it is possible to show that the
element x can belong partly to a certain set, or that it can be a part of several sets,
respectively. At the same time, by expressing fuzzy membership, sets maintain
their border value property. For example, the temperature of a room has the value
of x = 22[°C]. If we wish, by language values it is possible to say that x = 22[°C]
belongs to the 4 set area which should mark values “cold”, but at the same time it
belongs to the B set area which marks “warm”. Hence, language value description
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area is the subset consisting of real numbers with upper and lower borders which
equals zero. If for the membership function upper border value 1 is chosen, nor-
malized membership function and normalized fuzzy set are obtained. In control
practice, normalized membership functions and standard fuzzy sets are most of-
ten used. Hence, from now on normalized set forms will be dealt with in the first
place.

9.1.4 Fuzzy Set Parameter Presentation

In order to show fuzzy set parameter presentation, graphic shape of normalized
membership function is used. Trapezoid, triangle and rectangle are used as ba-
sic shapes in control technique. Figure 9.4a shows a trapezoid with parameters
[x1,%2,x3,x4]. In the case [x] = x; = x3 = x4] we get Fig. 9.4b which is known as
singletons sets. It is used to show crisp sets (like a type of Dirac’s impulse). For
[¥1 = x2,x3 = x4] a rectangle is obtained (Fig. 9.4c) which is rarely used in control
technique. For [x;,x2 = x3,x4), a triangle is obtained (Fig. 9.4d). This shape as
well as trapezoid is the basic shape in control technique.

For [x1,x2,x3 > x4] and [x; < x2,x3,x4] we get graphic presentations (Figs.
9.4e and 9.4f) which are often used with output values. Figure 9.5 shows common
membership function in the shape of trapezoid and triangle. This being the case,
trapezoid is usually given by parameters [x,x2,x3,%4,4, b, Vimin,Ymax}, and triangle
by [x()aaabd/mina)%nax]'

Triangle presentation (singleton) that is obtained for a = 0 or b = 0 is often
used.

For presenting fuzzy sets in other areas different, often nonlinear, forms of
function dependence are used, such as:

—X

_ 1
T 14x2

nix)=e
1 (x)

Instead of membership function p(x) graphic representation, numerical entry,
which can have two forms, is also used. The first form, which is often used, is
expressed as follows:

163
+...+Hi_)+... 9.5)
X1 X2 Xi
and explains that the fuzzy set 4 consists of elements x; having membership values
Hi(x).
The second form gives a more detailed entry, but it is rarely found in literature.
That form is shown by the following expression:

A= {(x1, 11(x)), (2, 2(x)), .., (xi, i (%)), . ..} (9.6






Describing Function Method in Fuzzy Control Systems 333

»

H(x) 4

»

H(x) 4

17 1
ymax ymax

i
i
Y tmin Y min 1 \:
0 > 0 ‘ >
X, X, X3 X, x .
X, =X, T X,
2 3 0

Figure 9.5: Common membership function in the shape of trapezoid and triangle.

Fuzzy set A “cold” (Fig. 9.3) can be written mathematically:

A= {x,1(x)} = {(0,100),(5,1),(10,1),(15,0.75),(20,0.5), (25,0.25), (30,0) }

9.1.5 Basic Operation on Fuzzy Sets in Control Systems

For crisp sets whose elements x come from the same basic set X, three operations
have been defined:

1. Disjunction : OR
2. Conjuction, intersection : AND
3. Complement : NOT

Their presentation by characteristic functions leads to well-known binary logic.
Before these basic operations (operators) are extended to be used with fuzzy sets,
it is necessary to study their meaning with crisp sets. As an example, all three
operations on sets 4 and B are studied (Fig. 9.6).

1. Disjunction (OR) C = 4 U B is given to those elements x which belong to
set 4, set B or to sets A and B. Disjunction characteristic function C is given
by maximum operator:

C=AUB =max{4,B} 9.7)

2. Conjunction (AND) C = 4N B is given to those elements x which belong to
both 4 and B sets. Disjunction characteristic function C is given by mini-
mum operator:

C =A4NB =min{4,B} (9.8)
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3. Negation (NOT) C = -4 = 4 is given by those elements x which do not
belong to set 4. Therefore, complement characteristic function is given by
negation operator:

C=-4={1-4} (9.9)

Since crisp sets are a special example of fuzzy sets, the described basic proce-
dures may be transferred directly onto fuzzy sets. In this way, the following three
operators can be obtained:

a) for disjunction:

1eC(x) = max {44 (x), s B(x)} 9.10)

b) for conjunction:
UC(x) = min{ 4 (x), upB(x)} (9.11)

c¢) for complement:
1eClx) = {1 — pad(x)} (9.12)

All three fuzzy operators (a, b and ¢) for fuzzy sets uqA(x)—trapezoid—and
UpB(x)—cut trapezoid—are shown in Fig. 9.7.

Figure 9.8 shows the meaning of fuzzy operators (a, b and c¢), triangle shape
for sets A(x) and B(x).

Beside the three described operations most other Boolean operators may be
used (communicativeness, associativity and distributiveness for disjunction and
conjunction) and De Morgan’s laws. So, for example the following operations
(operators) are valid in the two sets:

1. Equivalence:
A(x) = B(x) & pg = Up (9.13)
Two fuzzy sets are equal if they have equal membership functions.

2. Content:

A(x) CB(x) & pta < Up (9.14)

Fuzzy set B contains fuzzy set 4, if membership function value pp is bigger
or equal to membership function value p, for all possible variable values.

In order to generalize operator AND the following procedures are used:

a) algebraic product:
He = Hallp (9.15)

b) algebraic sum:
He = Ha+ Hp — Hallp (9.16)
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¢) maximum:

e = max{i, 1g}

d) minimum:
e =min{py, up}

e) bounded sum:
pe = min{1, s + pp}

f) bounded difference:
He =max{0, 1y + pg — 1}
For fuzzy sets the following expressions are not valid:
AUA=1
ANA=0

which are basic expressions for crisp sets.

9.1.6 Language Variable Operators

337

(9.17)

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)

Mathematical description of language variables is very important when fuzzy sets
are dealt with. That description has to be sensitive to language variables, consis-
tent, understandable and easy to survey. This must be respected when a language
variable is used repeatedly for the same set. These fundamentals’ powers (whole
or fraction) describe langauge predicative values’ operation. For example, lan-
guage predicative values “little”, “enough”, “more or less”, etc. are included into
fuzzy sets through their powers. For that purpose, language variable operators

are used, the most important being:

1. Normative operator (NOR) is obtained by dividing all fuzzy set values
with maximum value of the set. As a result, a normative fuzzy set is ob-

tained.

2. Concentration operator (CON) is designed for reducing fuzziness of the

fuzzy set. It is expressed by:

CON(A) = 4%; forsetde X

(9.23)

Concentration operator may be used, e.g. for obtaining membership func-

tion *“very big” from membership function “big”.

Hvery big (x> = [.ubig (x) ] 2
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S-operator. S-operator defines a general class of operators used for joining of
variables. It belongs to the so-called “triangular-co-norms™ group. Most often
it 1s labeled s-operator although it is possible to find co-t-operator. S-operator
corresponds to t-operator, so it is used for modeling operator shape “OR”.

Algebraic sum operator, maximum operator and limited sum operator as well
as some other operators belong to s-operators.

T-norms and s-norms operators are linked together by means of De Morgan’s
theorem:

HiaA(x), k5B = 1 =551 — pad ()]sl — psBEI} (927)

There are so many good operators that it is difficuit to choose the best one. In the
literature it is possible to find several good criteria for choosing operators, but be-
side mathematical requirements which are set for certain operators it is necessary
to respect others as well.

For control technique the following operators are extremely important:

e Minimum operator,

Maximum operator,
e Fuzzy operator “AND” (conjunction), and

e Fuzzy operator “OR” (disjunction).

9.1.8 Fuzzy Relations

So far all operations on fuzzy sets presented here referred to the elements of the
same set. In practice, it is often necessary to deal with elements from two or more
different sets or elements of two or more subsets.

Let X and Y be two normative sets. From their elements x € X and y € Y we
have to get, according to a certain rule, elements (x,y) € R(x,y). The operation
is called binary relation (because there are two elements in it) or just relation. 1f
the set R contains elements from several sets, it is generally defined as a subset of
a Cartesian product of initial sets. Therefore, binary fuzzy relation is defined as
follows:

R={(x,y),ur(x,»)}; (x,y) €EP=AxB (9.28)

where:
x — Cartesian product operator

A, B — subsets of X and Y sets
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9.1.12 Language Description of the System by Means of IF-
THEN Rules

The target of system language description by the IF-THEN rules is the realization
of the inference procedure which, in a way, changes fuzzy and crisp information
into shapes that the human describes as “possible”.

The system is described by IF-THEN rule set:

C={R;i=12,3,...,N} (9.41)

where R; is an individual rule and N is the number of the rules.
Individual rule R; is a fuzzy statement with basic form, which has one condi-
tion (input) and one consequence (output):

Ri: IF(XisA;),THEN(Y is B) (9.42)

where X,Y are fuzzy sets with elements 4 and B; 4 is the system input and B is
the system output.

In classic (binary) logic only one implication is used which logic algebra pos-
tulates make possible:

I(x,y) =x=y=XUy (9.43)
where = is the implication operator; ¥ is the negation operator and U is the dis-
junction operator.

In this relation operands x and y can have only two possible values: true (1) or
false (0). The same applies to the result.

With fuzzy sets for calculating ¥ = B’ at X = 4’ from the shape rule (9.42):
IF (X = 4), THEN (Y = B) procedure compositional rule of inference is used.
Fundamental procedure is the use of operator T-normal and different sorts of im-
plications /, i.e. inference compositional rules, which have the following shape:

us(v) = sup T {pA'(x), Ipa(x), up(v)] } (9.44)

As implication operator /, a large number of different implications can appear.
The following operators are often used:

e Algebraic product (expression (9.15)),
e Bounded difference (expression (9.20)),
e Drastic product, or

e Minimum (expression (9.18)).

It is possible to connect implication operators to operator max() and its dual op-
erators. This could be the basis for increasing the list of possible implication
operators.
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where X and Z are input quantities; 4 and C are observed values of the input
quantities (e.g. desired values); Y is the output quantity; and B is the momentary
value of the output quantity.
Operator THEN as well as operator AND can be used several times (in control
applications it is often C; = d4;/d1).
For the values 4, C, and B predicative expression combinations are often used:
N - negative, P - positive, ZE - zero, S - small, M - medium, B - big. From the
above predicates it is possible to make seven combinations which are used very
often:
NB  Negative Big
NM  Negative Medium
NS  Negative Small
ZE  ZEro
PB  Positive Big
PM  Positive Medium
PS  Positive Small

It is possible to present (by using the above labels) the language model, i.e.
individual shape rule (9.46) by a table. Here, language variables are presented
as fuzzy sets (expressions, terms). Such presentation is often found in the litera-
ture because it makes detailed model design possible. The above presentation is
explained by means of the rule example:

IF (v =PS) AND (¥ = NS) THEN (y = NS)

Figure 9.10 shows seven-degree combination by means of the table, and Fig. 9.11
five-degree combination (PB, PM ZE, NS, NB), where v is the control error, V' is
the control error change (V' = dv/dr), and y is the actuator position (given in the
table).

Table or table-graphic presentation is simple for presenting a connection of
three variables (in given example connection of two variables in the cause and one
variable in the effect part of the rule).

NB [NM] NS [ZE | PS [ PM ] PB

Figure 9.10: Table presentation of individual rule in seven-column combination.
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1. Max-height method,
2. Mean of maximum method, and
3. Center of gravity method or center of area method.

The first method gives output value yp by means of membership function p(y)
belonging to output set ¥ according to the following expression:

1) = myfixﬂ(yo) 9.61)

The method becomes cumbersome if membership function p(y) has maximum at
more discrete values.

With the second method the problem is solved by calculating yy as the mean
arithmetic value of maximum membership function value p(y). However, this
method is also inconvenient, i.e. if the output set membership function has a
particular area (length) where it can have maximum value.

The third method takes into account the area below a membership function
H(y) like surface area (Fig. 9.12). Crisp output value yq is determined according
to the gravity center coordinates T (L, yo) of the area and is calculated as follows:

d
yo = %&(y—))d?y (9.62)

If the membership function consists of forms made up of straight lines, then the
integrals in the last expression can be replaced by additions and calculation can be
carried out analytically.

In case of m-polygon segments described by two points, P(tl,yr) and
Pri1 (Mit1,7k+1), the gravity center abscissa (9.62) is obtained from the expres-
sion:

_ Zis Ot =y ke + ) et + pe+Vas 1) 1]
3201 Okt — yi) (M + Mie 1)

Even more difficult than calculating the gravity center abscissa is preliminary cal-
culation of intersection points of overlapping membership functions of individual
fuzzy rules.

The center of gravity method is most often used in fuzzy control since com-
pared with other methods it has two advantages. Its first advantage is that it not
only processes membership function maximum values, but it includes its com-
plete flow. The second advantage of this method is a relatively simple way of
calculating crisp values for yy.

In the literature, an even simpler way of calculating crisp values for yg can
be found. In that procedure, membership functions which refer to the parts of
the rule THEN are represented by only one numerical value different from zero

y (9.63)
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The closed-loop characteristic equation of the system in Fig. 9.19 is:
14+ F(X)GL1 (j©)Fz(Zm, 0) G2 (jo) =0 (9.65)

The stability can be analyzed by use of some previously presented stability analy-
sis criteria.

EXAMPLE 9.3
Determine the stability of the power system secondary-load frequency control

(Sijak et al., 2002), with model shown in Fig. 9.20, where:

Gg(s) = 1/(1+5Tg) = 1/140.08s — transfer function of the turbine governor
Tey — stream turbine time constant

AP, — change of the mechanical power of the turbine

AP, — change of power system load

AP, — power system active power reference change

AF, ~ power system frequency change

Gs(s) = K;/(1+sT;) = 120/1 4 20s — the power system transfer function

R =2.4~ the static speed drop of the uncontrolled system

F(z) ~ the power system generation rate constraint, static characteristic of satu-
ration nonlinearity (Fig. 9.21)

1/R
AP x- + 1 5 1 Af
G, FOH7— - G
+ i Tey -8 s
Fuzzy
controller

Figure 9.20: Power system secondary-load frequency control model (Example
9.3).
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The stability boundary for given parameter values is shown in Fig. 9.24.

Figure 9.25 shows system responses when a conventional PD regulator and
a fuzzy regulator was used. The parameters k, and k; are determined using the
Ziegler-Nichols method. From the obtained results (Figs. 9.23, 9.24 and 9.25), we
can conclude that it is justifiable to use tuning methods for conventional regulators
to preliminarily determine parameters k, and k; of the SISO equivalent.

It can be seen in Fig. 9.25 that in this example it is better to use the fuzzy
regulator. A much larger static ervor Af is accomplished when a conventional PD
regulator is used. =

From the latter discussions, it can be concluded that these preliminary results on
using the describing function in analysis of a specific class of nonlinear systems
Justifies further research of application of harmonic linearization in nonlinear sys-
tems with fuzzy logic and neural networks.

9.4 Influence of Fuzzy Regulator on Resonance
Jump

In Sections 1.3 and 6.2.3 we have analyzed the occurrence of resonance jump in
nonlinear systems. The procedure to determine frequency properties of the class
of nonlinear systems that conform to the filter hypothesis was presented. In Ex-
ample 6.7 the procedure to determine frequency characteristics of the system in
Fig. 6.26 was illustrated. In Section 9.3, Example 9.3, we have shown the proce-
dure of using a describing function in stability analysis of a system with a fuzzy
regulator. In the following example, the influence of a fuzzy control algorithm on
establishment of resonance jump will be analyzed (Kuljaca et al., 2002).

EXAMPLE 9.4
For the system with fuzzy regulator shown in Fig. 9.26, determine the frequency
characteristic of signal X,(w,).

§ (0} . error
~ ’ x(1) b Q)
> K, > > Gp >
. 4 | errordot b=2
kg — >
dt
Fuzzy
element

Figure 9.26: System with fuzzy regulator (Example 9.4).
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globally unstable, 204
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neutrally stable, 52, 129
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filter hypothesis, 230, 259
forced oscillations, 181, 184, 260, 295
asymmetrical, 269
symmetrical, 260
Fuller, 50
function
class-K, 85
decreasing, 85
decreasing time-varying scalar,
83
globally positive definite, 83
locally positive definite, 83
Lyapunov, see Lyapunov, func-
tion
negative definite, 68
negative semidefinite, 68
positive definite, 68, 85
positive semidefinite, 68
fuzzification, 344
fuzzy
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computing, 326
control, 326
expert systems, 326
logic, 190, 326
model, 326
normalized, 331
relation, 339
relational equation, 342
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Hurwitz, 50
angle, 113

inference, 342
Isidori, 50
isocline method, 208

Jacobian matrix, 150

Kalman hypothesis, 102
Kalman-Jakubovich lemma, 94, 109
Kharitonov, 50

kinetic energy, 182

Krasovskii procedure, 77

La Salle, 50
principle of invariance, 71
Lagrange, J.L, 49
language variable, 327, 337
operator, 337
least-squares method, 152
Lebesque, theory, 51
Lefschetz, 50
limit cycle, 192, 204, 214, 234
linearity of the function, 2
linearization, 141
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algebraic, 144
analytical, 146
coefficients, 152, 161
combined, 141
conventional, 141
feedback, 141









Index
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Wiener-Volterra, 9
set
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crisp, 326
fuzzy, see fuzzy, set
sharp, 326
singleton, 331
soft, 326
theory, 326
settling time, 307
shifting function, 246
signal adaptation, 188
signal stabilization, 184
simulation, 189
singular point, 54, 194, 208
center, 54, 194
saddle, 54, 194, 201
stable focus, 54, 194
stable node, 54, 194, 197
unstable focus, 54, 194, 197
unstable node, 54, 194, 201
stability, 49 :
absolute, 100, 124, 133
asymptotic, 58, 63, 69
circle criterion, 137
exponential, 57, 63
global, 57, 59, 68, 202
global asymptotic, 57, 84, 88,
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global uniform asymptotic, 86
in the small, see stability, local
in the whole, see stability, global
local, 52, 57, 58, 84, 86, 202
local asymptotic, 57, 106
local uniform, 84, 86
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of time-invariant systems, 68
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Popov criterion, see stability cri-
terion, Popov

393

uniform, 57, 59
stability criterion
analytical, 242
Mikhailov, 235, 239
Naumov-Tsypkin, 108
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stability region, 302
static characteristic
asymmetrical, 27, 269
double-valued, 34
multi-valued, 26, 36, 161
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single-valued, 26
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smoothed, 286, 297
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statistical linearization
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Stodola, 50
Sylvester method, 75
synchronization, 18
synthesis problem, 3, 53
system
autonomous, 2
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controllable, 95
dissipative, 183
forced, 9
multivariable, 149
neutral, 2
passive, 94
positive linear, 93
stability, 23
stabilizable, 95
stable, 2
stationary, 2






